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THEREAL NUMBER SYSTEM

The real number system is an ordered field with the leggter-bound property.
1. Field Axioms foiR (AlgebraicProperties ofR)

oR |s afield: a set with the two operations, calleatdition (+) and multiplication(-), which
satisfy thefollowing seOl f t SR &4FA St R | EAARsYisud ifadhleRza+ba 0= |y
represents their sum and - b or ab represents their product.

(A) Axioms for Addition

(A1) lfa € Randb € R, then their sunu + b is inR (closureunder additior).
(A2) Addition isommutative a+ b = b + afor alla,b € R.

(A3) Addition isassociative(a + b) + c =a + (b + c¢) for alla, b, c € R.

(Ad)There is an element O inNR such thata+0=a and0+a=a for every a € R
[existence of a zero elemefan additiveidentity)].

(A5) For eacla € R there exists an elementa € R such thata + (—a) =0 and(—a) +a =
0 (existence of an additive invepse

Remarls
(a) (A1) reiterates the premise thdt, b) — a + b is a mapping fronR x R to R.

(b) On account of (A3}he sum of three real numbers, b, and ¢ does not depend on the order
in which it is taken, so we may drop the parentheses and write b + ¢ for that sum By
repeated application ofA3), we can form the sum afnumbersa,, a,, ..., a,,

a,+a,+-+a, =X% q,
and show that it does nalependon the order in which it is taken.
(M) Axioms for Multiplication

(M1) Ifa € Randb € R, then their producta - b is iInR (closure under multiplicatign



(M2) Multiplication iscommutative a-b = b - afor alla,b € R.
(M3) Multiplication isassociative(a-b) - c =a- (b - c) foralla,b,c € R.

(M4)There is an elemertt in R distinct from Osuch thata-1=a and1:-a = a for every
a € R [existence of ainit element(a multiplicativeidentity)].

(M5) For eacha # 0in R there exists an element/ain R such thata:-(1/a) =1 and
(1/a) - a = 1 (existence of anultiplicativeinversg.

Remarls
(a) (M1) reiterates the premise thdia, b) — a - b is a mapping fronR x R to R.

(b) On account of (M3)he product of three real numberg, b, and ¢ does not depend on the
order in which the factors are taken, so we may drop the parentheses and write: ¢
(orabc) for that product By repeated application oM3), one can form theproduct of n real
numbersa,, a,, ..., a,,

a,-az - .- a, =[li=,a;
and show that it does nalependon the order in which it is taken.

(c) In view of the above remark, we can define the product of a real number with itself taken
times. Ifa € Randn € N, we let

=qa-a----a,

the product takenn times. For any real number # 0, we define a® := 1; then for all integers
m,n = 0 we have

am+n — aman

With a ™ := (a™1)™, this rule is valid for alin,n € Z (provided thata # 0). The cases of
rational and irrational powers of real number will be discussed in due course; meanwhile, their
properties (studied in previous courses) are taken for granted.

(D) Distributve Law

a-(b+c)=(a-b)+ (a-c)foralla,b,c € R (distributive poperty of multiplication over
addition).

Remarks

(a) Note that by (M2) we also hatB+c)-a=(b-a)+ (c-a) foralla,b,c € R



(b) We may generalize (D) to apply to several terms (by inductianp,ifb,, ..., b, € R, then
a(by + by + -+ b,) = ab; + ab, + -+ ab,,.

A furthergeneralization encompasses the case where we tlawesum ofm real numbers
a, +a, + -+ a,, in place ofa:

(ag +az+ -+ an)(by+ by + -+ by) =X, Xj-qa; by
Once again, it does not matter whether we sum ower j first.

From the field axioms one can derive all the familiar properties of addition and
multiplication (and the derived operations of subtraction adiyision) To give a flavor of such a
derivation we present a few results.

Theorem 1The axioms for addition imply the following

(8) The element 0 is uniquely determined, i.ethiére isz € Rsuch thata + z=aandz+a =
a foralla € R, then z = 0.

(b) The cancelation lafer addition: Fora,b,c € R,a+c=b+c = a = b.

(c) The additive inverse is uniquely determined, ifdor any givena € R there isc € R such
thata+c=0andc+a =0, then c = —a.

(d) For everyt € R, —(—a) = a.

(e) For anygivena, b € R, the equationa + x = b has a unique solution given by= b +

(—a).

Proof (a) By (M +0=2z and0+z=2z FNRY GKS I &adzvdRisuchyhatd i KS NX
a+z=aandz+a=a foralaeRé¢ 6S | 0&2=0Khdz$ 0=0, and saz = 0.

Note that the mere existence of additive identityentails its uniquenegswe do need to use

(A2) and (A3) in the proof.

(b) Using (A3)YA5)and the hypothesia + ¢ = b + ¢, we get

a=a+0=a+(c+(=0)=(a+)+(-c)=0B+c)+(-c)=b+(c+(-c))=b+0
= b.

(c)Using (A3- (A5) and the hypothesis + a = 0, we get
c=c+0=c+(a+(-a))=(c+a)+(-a) =0+ (-a) = —a.
Note that (A3) is essential for establishing the uniqueness of the additive inverse.
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(d) Sincga+a=a+ (—a) =0, (c) [withz a in place ofa] yields (d).

(e)Substitute x = b + (—a) into a + x = b to confirm thatx = b + (—a) is a solution.
Suppose there is another € R that satisfies the equation, namety+ y = b. We have
a + x = a + y and hence (bythe cancelation law (B)y = x. [ ]

Theorem ZThe axioms for multiplication imply the following:

(a) The element 1 is uniquely determineg, ifthere isz € Rsuchthata-z=aandz-a=a
forall a # 0 inR,then z = 1.

(b) The cancelation lavef multiplication: Fora, b,c € Rwithc # 0,a-c=b-c=a =b.

(c) The multiplicative inverse is uniquely determined, i.efoif any givea # 0 in R there is
c € Rsuchthata-c=1andc-a=1,thenc=1/a.

(d) For everyt € R\{0},1/(1/a) = a.

(e) For any givem, b € Rwith a # 0, the equationa - x = b has a unique solution given by
x=(1/a)-b.

Proof (a) By (M4)z-1=z and1l-z=2z FNRBY (KS I aadzreRisuchyhatd i KS NE
a-z=aandz-a=a for eacha#0 inR", we also havel-z=1andz-1=1, and so

z = 1. Note that the mere existence of an additive identity entails its uniqueness do not

need to use (M2) and (M3) in thgroof.

(b) Using 13)-(M5), and the hypothesia - ¢ = b - ¢, we get

a=a-1=a-(c-(1/0)=(a-c)-(1/c)=0b-c)-A/c)=b-(c-(1/c))=b-1
= b.

(c) UsingM3)-(M5), and the hypothesis - a = 1, we get
c=c-1=c-(a-(1/a))=(c-a)-((l/a))=1-((1/a))=1/a.

Note that (A3) is essitial for establishing the uniqueness of thaultiplicativeinverse.

(d) Since(1/a)-a=a-(1/a) =1, (c) [with(1/a) in place ofa] yields (d).

(e) Substitutex = b - (1/a) into a - x = b to confirm thatx = b - (1/a) is a solution. Suppose
there is anothery € R that satisfies the equation, namety- y = b. We havea - x = a - y and
hence (by the cancelation law (b))= x. ]

Theorem 3The field axioms imply thllowing statements



(@a-0=0foralla € R.

(b) Ifa,b € R witha # 0and b # 0, thena - b # 0.
(c)Foralh,b e R,(—a)-b=—(a:b) =a-(—b).
(d) For ala,b € R, (—a) - (—=b) = a-b.

Proof(a) By (D) and (A4), we hawe 0 +a-0=a-(0+0)=a-0=a-0+ 0, and so by the
cancelation law for additiorg - 0 = 0.

(b) Assumer #= 0 and b # 0 buta - b = 0. Then by (\N2)- (M5) we have

1=1-1=(1/a)-a)-((1/b)-b) = (1/a)-(1/b) - (a-b) =0,
a @ntradiction.

RemarkThe proof of (b) establishethat its contra positiveholds as wellif a- b = 0, then
either a = 0 or b = 0. In other words, iz - b = 0, then at leastone of the two factors must be
zero.

(c) By (D) and (A5) we hagea)-b+ a-b=((—a)+a)-b=0-b=0,and so by Part c of
Theorem 2(—a) - b is the negative (additive inverse) @ - b). The other half of (c) is proved
in a similar fashion.

(d)(—a) - (=b) = —(a- (=b)) = —(—(a- b)) = a-bby (c) and Partd of Theorem 1. m
RemarkThe operations o$ubtractionanddivisionin R are defined as follows:

OSubtractionia — b :=a + (—b) for a,b € R. The real numbeun — b isalsocalled the
differencebetween a and b.

ODivision:a/b :=a - (1/b) fora,b € R with b # 0. Themultiplicative inverse(or reciproca)
of b, 1/b, is also denotedby b~1. The real numbeu / b is also denoted hy+ b or%-

2. Axioms forOrder (Order Properties ofR)

The second group of properties possessed by real numbers pertains to order. We could pos
directly an ordering relation ofR, but it is somewhatmore convenient touse the notion of
positivity as the primitive concepfAnderson and Hall (1972), Bartle and Sherbert (2000),
(Royden 1968)]. When this approachis adopted the order axioms fofR take the following
form:



The field R of real numberscontains a norempty subsetP of positive elementsatisfying the
following conditions:

(O) Ifa,b € P,thena+ b € P.

(02 Ifa,b € P,then ab € P.

(O3 For eachln € R, exactly one of the following tsue:
a€P, a=0 —ael

Any mathematical system satisfying the field axioms and the above axioms for order is
called anordered field The real number system is an ordereddiethe set ofrational numbes
is another example of an ordered field.

We may now us¢he setlP of positive elementdo define a strict order relation iR, which
is compatible with the operations of addition and multiplication.

Definition Fora, b € R, we shall say that is greater thanb and writea > b (or, equivalently,
that b isless thana and writeb < a) if and only itz — b € PP.

Note that for everya € IP we havea — 0 € P and hencez > 0. In other words,
VaeERaeEPS a>0.
Thus we may write
P = {a € R|a > 0}

and callP the set ofpositive real numberg(i.e. real numbers that are greater than zero). In a
similar fashion, we note that if-a € IP,then0 — a € P, and saz < 0. Hence we may write

P~ ={a € R|a < 0}

and callP~ the set ofnegative real numberdi.e. realnumbers that are less than zerd).is
clear from (O3), which is referred to as tlav of trichotomy, that the set of real numbers is
the union of three disjoint set®, {0}, P~:

R=PuU{0}uUP".
Theorem4 Thestrict inequalityrelation > on R has the following properties:
1. Forall,b,c € R,ifa > band b > c,then a > c (transitivity).

2.1fa € R and b € R, then one and only one of thellowing istrue (law of trichotomy:






