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ECO 7405/FALL 2009/DR. LIOSSATOS      

                        THE REAL NUMBER SYSTEM 

The real number system is an ordered field with the least-upper-bound property. 

1. Field Axioms for   (Algebraic Properties of ) 

  Is a field: a set with the two operations, called addition  and multiplication , which 

satisfy the following so-ŎŀƭƭŜŘ άŦƛŜƭŘ ŀȄƛƻƳǎέ ό!ύΣ όaύΣ ŀƴŘ ό5ύΦ As usual if   

represents their sum and  or  represents their product. 

(A)  Axioms for Addition 

(A1)  If  and , then their sum  is in  (closure under addition). 

(A2) Addition is commutative:   for all  

(A3) Addition is associative:  for all  

(A4)There is an element 0 in    such that   and   for every   

[existence of a zero element (an additive identity)]. 

(A5) For each  there exists an element  such that   and 

 (existence of an additive inverse).   

Remarks  

(a) (A1) reiterates the premise that  is a mapping from  to   

(b) On account of (A3), the sum of three real numbers  does not depend on the order 

in which it is taken, so we may drop the parentheses and write  for that sum. By 

repeated application of (A3), we can form the sum of n numbers   

                                                    

and show that it does not depend on the order in which it is taken. 

 (M) Axioms for Multiplication 

(M1)  If  and , then their product  is in  (closure under multiplication). 
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(M2) Multiplication is commutative:   for all  

(M3) Multiplication is associative:  for all  

(M4)There is an element 1 in    distinct from 0 such that   and   for every  

 [existence of a unit element (a multiplicative identity)]. 

(M5) For each  there exists an element  such that   and 

 (existence of a multiplicative inverse).   

Remarks  

(a) (M1) reiterates the premise that  is a mapping from  to   

(b) On account of (M3), the product of three real numbers  does not depend on the 

order in which the factors are taken, so we may drop the parentheses and write  

(or ) for that product. By repeated application of (M3), one can form the product of n real 

numbers   

                                                     

and show that it does not depend on the order in which it is taken. 

(c) In view of the above remark, we can define the product of a real number with itself taken n 

times. If  and  we let  

                                                     

the product taken n times. For any real number  we define  then for all integers 

 we have 

                                                    

With , this rule is valid for all  (provided that ). The cases of 

rational and irrational powers of real number will be discussed in due course; meanwhile, their 

properties (studied in previous courses) are taken for granted.  

(D)  Distributive Law 

 for all  (distributive property of multiplication over 

addition). 

 Remarks      

(a) Note that by (M2) we also have    for all  
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(b) We may generalize (D) to apply to several terms (by induction): if  then  

                                                     

A further generalization encompasses the case where we have the sum of m real numbers  

 in place of a:  

                                           

Once again, it does not matter whether we sum over  or j first. 

       From the field axioms one can derive all the familiar properties of addition and 

multiplication (and the derived operations of subtraction and division). To give a flavor of such a 

derivation we present a few results. 

Theorem 1 The axioms for addition imply the following:  

(a) The element 0 is uniquely determined, i.e. if there is  such that 

   for all , then   

(b) The cancelation law for addition: For    

(c) The additive inverse is uniquely determined, i.e. if for any given  there is  such 

that    then    

(d) For every   

(e) For any given , the equation  has a unique solution given by 

  

Proof (a) By (A4),   and   ŦǊƻƳ ǘƘŜ ŀǎǎǳƳǇǘƛƻƴ άǘƘŜǊŜ ƛǎ  such that 

   for all έ ǿŜ ŀƭǎƻ ƘŀǾŜ , and so  

Note that the mere existence of an additive identity entails its uniquenessτwe do need to use  

(A2) and (A3) in the proof. 

(b) Using (A3)- (A5) and the hypothesis , we get 

 

 (c) Using (A3) - (A5) and the hypothesis , we get 

        

Note that (A3) is essential for establishing the uniqueness of the additive inverse.                             
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(d) Since ɀ  (c) [with ɀ  in place of ] yields (d). 

(e) Substitute   into  to confirm that  is a solution. 

Suppose there is another  that satisfies the equation, namely  We have 

 and hence (by  the cancelation law (b))                                                                                                                                                                        

Theorem 2 The axioms for multiplication imply the following:  

(a) The element 1 is uniquely determined, i.e. if there is  such that  

for all   , then   

(b) The cancelation law for multiplication: For    

(c) The multiplicative inverse is uniquely determined, i.e. if for any given  there is 

 such that  then   

(d) For every   

(e) For any given  the equation  has a unique solution given by 

  

Proof (a) By (M4),   and   ŦǊƻƳ ǘƘŜ ŀǎǎǳƳǇǘƛƻƴ άǘƘŜǊŜ ƛǎ  such that 

   for each , we also have , and so 

 Note that the mere existence of an additive identity entails its uniquenessτwe do not 

need to use (M2) and (M3) in the proof. 

(b) Using (M3)-(M5), and the hypothesis , we get 

 

(c) Using (M3)-(M5), and the hypothesis , we get 

        

Note that (A3) is essential for establishing the uniqueness of the multiplicative inverse.                                    

(d)  Since  (c) [with  in place of ] yields (d). 

(e) Substitute   into  to confirm that  is a solution. Suppose 

there is another  that satisfies the equation, namely  We have  and 

hence (by the cancelation law (b))                                                              

 Theorem 3 The field axioms imply the following statements  
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(a)  for all  

(b) If then  

(c) For all ,  

(d) For all ,  

Proof (a) By (D) and (A4), we have  , and so by the 

cancelation law for addition,                                                                                                 

(b) Assume  but  Then by (M2)- (M5) we have  

  

a contradiction.  

Remark The proof of (b) establishes that its contra positive holds as well: if  then 

either   In other words, if  then at least one of the two factors must be 

zero. 

(c) By (D) and (A5) we have  and so by Part c of 

Theorem 2,  is the negative (additive inverse) of  The other half of (c) is proved 

in a similar fashion. 

(d)  by (c) and Part d of Theorem 1.              

Remark The operations of subtraction and division in  are defined as follows: 

ǒSubtraction:  The real number  is also called the 

difference between   

ǒDivision:  The multiplicative inverse (or reciprocal) 

of b,  is also denoted by  The real number  is also denoted by  or  

2. Axioms for Order (Order Properties of ) 

The second group of properties possessed by real numbers pertains to order. We could posit 

directly an ordering relation on  but it is somewhat more convenient to use the notion of 

positivity as the primitive concept [Anderson and Hall (1972), Bartle and Sherbert (2000), 

(Royden (1968)]. When this approach is adopted, the order axioms for  take the following 

form: 
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The field  of real numbers contains a non-empty subset  of positive elements satisfying the 

following conditions: 

(O1) If   

(O2) If  

(O3) For each , exactly one of the following is true: 

                                                        

       Any mathematical system satisfying the field axioms and the above axioms for order is 

called an ordered field. The real number system is an ordered field; the set of rational numbers 

is another example of an ordered field. 

      We may now use the set  of positive elements to define a strict order relation in  which 

is compatible with the operations of addition and multiplication. 

Definition For  we shall say that  is greater than   and write  (or, equivalently, 

that   is less than   and write ) if and only if  

       Note that for every  we have  and hence  In other words, 

                                                 

Thus we may write  

                                                

and call  the set of positive real numbers (i.e. real numbers that are greater than zero). In a 

similar fashion, we note that if   then , and so . Hence we may write  

                                                

and call  the set of negative real numbers (i.e. real numbers that are less than zero). It is 

clear from (O3), which is referred to as the law of trichotomy, that the set of real numbers is 

the union of three disjoint sets  

                                                     

Theorem 4 The strict inequality relation  on  has the following properties: 

1. For all if  (transitivity). 

2. If , then one and only one of the following is true (law of trichotomy): 




