Growth of [P Lebesgue constants for convex polyhedra and
other regions

J. Marshall Ash and Laura De Carli

ABSTRACT. For any convex polyhedron W in R™, p € (1,00), and N > 1,
there are constants y1 (W, p, m) and ~2 (W, p,m) such that
P

,Yle(pfl) < / Z e (k- qj) dz < 72Nm(p71).
™ |lkeNW
Similar results hold for more general regions. These results are various special

cases of the inequalities
P

i NP1 g/ S e(ko)| dr < p6(N),
™ |keNB

where ¢ (N) = NP(m=1)/2 when p € (1, nﬁ—jfl) 6 (N) = NP(m=1/2]og N

when p = 22 and ¢ (N) = N™(®=1) when p > nz—m where B is a bounded

m+1’ +1
subset of R™ with non-empty interior.

1. Introduction

1.1. One dimension. In one dimension there is a very well known estimate

1
(1.1) Z e (kx) =/Tl Z e (kx) da:z/ Z e (kx) dxﬁ%ln]\f,

k| <N L k| <N O k<N

where e (z) = e*™@.[Z] This integral is called the Lebesgue constant. In higher
dimensions there are as many Lebesgue constants as there are generalizations of an
interval of integers, {—N,—-N +1,...,N}.

Fix N and consider the operator D defined by mapping a Lebesgue inte-
grable function f : T! — C to its N-th trigonometric partial sum sy (z) =
Do ikl<N f (k) e (kz). This operator D is realized by convolving f with ki< € (k).
In short,

D:f—sn.
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2 J. MARSHALL ASH AND LAURA DE CARLI

If we endow both the preimage and the image of f with the L' (T") norm, then the
operator norm of D, [|D| ;. ., is defined to be supy s —1 [[sn||;. The Hausdorff-
Young inequality tells us that

lswlly = || D eka)«f|| <| D eka)|| [If];-

[k|<N |k|<N

1 1

Using 2vX[—,,,] in place of f and letting v — oo shows that HZIkISN e (kx) 1is the

operator norm of D. Thus the operator norm is equal to the Lebesgue constant,

Dl g1 pr = Z e (k)

k[<N )

This is the main reason for the importance of finding a good estimate for the
Lebesgue constant. If we consider the same operation D, but consider D as a
mapping from f € L' to sy € LP, p > 1, then things proceed about the same as
when p was 1. Young’s inequality gives

lswll, = || D elka)=fl| <| D eka)|| I£ll,

|k|<N |k|<N

p p

where |-, = (Jpu [-” dx)l/p and again using 2vx(_,,,] we arrive at a formula for
the operator norm of D,

1Dl re = Z e (k)
|kI<N »

Because of this formula, the following lemma is also of interest.

LEMMA 1.
1 N-1 0, (NP73) ifp>3
(1.2) / | Ze(kx) [Pdu = §,N?~' +{ O (log N) ifp=3 )
0 k=0 0, (1) ifl<p<3

where the constant 6, = % fooo ‘Si%‘p du; if p = 2k is a positive even integer, then

2k —1
(1.3) Sopy = W

2k —1
where the central Eulerian number < 1 > may be defined to be

k—1
(1.4) S (1) (2;“) (k= )2k L.
v=0

Most of this lemma appears elsewhere; one place is in the reference [AAJRS].
Ouly the formula (1.3) will be explained below.
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1.2. Lebesgue constants for polyhedrons. If we let W = [—1,1], then
W C R, an interval, may be thought of as a one dimensional convex polygon,
and {—N,—N +1,..., N} may be thought of as NW NZ = {yEZ: X GW}, a
dilate of W by the scaling factor N. Let f € L' (T™). An m-dimensional convex
polyhedron W gives rise to a sequence of partial sums {sy} according to the formula

sv(H@) =Y fkelk- )

keNWNZ™
where k € Z™, 2 € T™, and f (k = Jom [ —k-z)dz. Just as in the one
dimensional situation, we again ﬁnd that for N ﬁxed and D defined by
D:f—sy
we have for p > 1,
(1.5) 1Dl o =1 >, e(ka)
EENWNZ™ p
Let

Dnw (z) = Z e(kx).

ke NWNZ™

There naturally occur two problems: good estimates for [L.,, |[Dyw (2)| dz and good
estimates for [1,, [Dnw (2)|” dz for p > 1. The first problem has been very nicely
solved by Belinsky.

THEOREM 1. For any convexr m-dimensional polyhedron W in R™ and N > 1,
there are constants v1 and 72 such that

1 (W)log” (14 N) < [Dawly = [ |Daw (@)]de < 22 (W) log™ (14 N)
'JT’"L

From now on we assume that p > 1 and focus on the question of getting good
estimates for

First note that if W = [—1,1]™, then

m N
DNW (l‘) = Z €(l€11‘1) 6(]{32],‘2) : mxm H Z 6 k mJ

keNWNZm j=1kj=—N

SO
p

/T|DNW |pdx—H/ e (kjx;)| dx;

(1.6) = (/01 3 pda:>m

= 5;”2?%(17*1)]\7“1(17*1) +o (Nm(pfl))

e (kx)

k=—N

This motivated the following theorem.
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THEOREM 2. For any p > 1 and convex m-dimensional polyhedron W in R™
and N > 1, there are constants v1 and 2 such that

(L.7) Dy = / Dvw ()P daz < A% (W, m, p) N™ @)
']Im

and

(1.8) ¥ (W, m, p) N™P~1 < [ Dyw b

In short,

m(1—1 m(1—1
nN™073) < ||Dw |, < 7 N™073),

If the dimension is m = 2, then inequality (1.7) has already been established
for all p > 1.[A] The constants were more precise and the proof was much more
direct, but the proof was number theoretic and difficult and we do not know how
to extend it to higher dimensions. Part of the argument given here will show that
the result of [A] easily leads to the reverse inequality (1.8) also when m = 2.

1.3. Lebesgue constants for more general sets. We will also consider the
more general case when W is allowed to have a more general shape, for example,
when W is replaced by a set B C R™ that is bounded and has non-empty interior.
When p = 1, the expected lower bound estimate of vlog™ (1 4+ N) is valid, but the
corresponding upper value is larger. For example, when B is an m dimensional ball
of radius N, then it turns out that

(1.9) / " ek a)|de < N¥73

|k|<N

where A < N® means that A/N® is bounded above and below.
Concerning the upper bounds in this generality, we have two results:

THEOREM 3. For eachm > 2,p > 2, and bounded set B C R™ with non-empty
interior, there is a constant o such that the upper bound estimate

/ |Dyp (2)|P dz < WgNm(p_l)
holds,

and

THEOREM 4. For each m > 2,p € (1,2], and bounded set B C R™ with non-
empty interior, there is a constant y1 such that the lower bound estimate

[ 10w @) do = Ay

holds.

There remain two cases for general sets that we have not resolved:
(1) The question of an upper estimate for
1Dxsll, = (/ > ek

p 1/p
dx)
keNBNZ™
when p € (1,2) and

(2) the question of a lower estimate for the same integral when p > 2.
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We can only provide partial results in these two cases. Looking at the cal-
culation (1.6) above, in both cases we would like to get an estimate of the form
eN™(1=1/P) Tn case (1), this is not true. We calculate below that if B is the m-

dimensional unit ball so that NB = {z € R™ : |z| < N}, then for p € (1, nf—fl) and

this choice of B, we get the larger sharp lower estimate of 'lemTfl =y N(=1/p)+5

where § = m (l — m“) is positive since 1/p € (m—jnl, 1). Interestingly, the expo-

P 2m 2
nent of N is constant as p varies from 1 to n%—fl
THEOREM 5.
»lemTfl = %Nm(l*l/zﬂ)ﬂ5 forl<p< 7371%1
[Dnglei<ny ||, = P NP /P N forp=2r
y N™(1=1/p) for mQKLl <p<2

where 6 =m (% - "57;:1), 71 = (m,p).

To what extent this new candidate for an upper bound is actually extremal for
all bounded sets with non-empty interior remains an open question.

In case (2), we get the hoped for sharp (since B may the the cuboid [—1,1]™, see
(1.6) above) best lower estimate of cN™(1=1/P) but only by additionally assuming
a small amount of regularity for the boundary of B. For this, we get inspiration
from the paper of Liflyand.[L] Let Anxw be the union of all cubes of side 1 whose
centers are at the points of NW NZ™. We say that W satisfies the Ay — condition
if

. |[Anw A NW|
(110 R
where the symmetric difference operator is defined by AA B = (A\ B) U (B\ A4).
In other words, the measure of Ayyw A NW is o(N™). If W is bounded with
nonempty interior, then there are on the order of N™ points in NW, and so we can
then express that Aj-condition by saying that the measure of Ayyw A NW must
be “little oh" of the number of lattice points in NW.

0,

THEOREM 6. If the bounded set B C R™ has non-empty interior and if B
satisfies the Apn-condition, then for p > 2 there holds the lower bound estimate

NN <Dy,
for some constant v1 (B, m,p).

Another open question is whether the boundary condition (1.10) is necessary.
The most optimistic set of conjectures might be that for bounded B with nonempty

interiors, N"(1=1/P) ig the size of the lower estimate for all p,1 < p < oo, and also
1 m+1

the size of the upper estimate for p € (2—’" oo), while N™A-1/P+m(3-52)

m—+1’
m41

N™" is the size of the upper estimate when p € (1, j—’_&) and N InFn N

is the size of the upper estimate when p = WQL—TI In other words, the sphere is
extremal for p € (17 TZTJ and the cuboid is extremal for p > "2;]:1.

Our intuition for this conjecture is that spheres and rectangles are extremal with
respect to curvature, the former being everywhere curved and the latter nowhere
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curved. So it is at least plausible that for each value of p one or the other should
provide the largest or smallest Lebesgue constant growth rate.

In the L' case, results for all convex sets in all dimensions are already known.
See chapter 6 of [L] for this.

A small result of fairly great generality that does not seem to be well known
is the M. Riesz Projection Theorem for a general half space. This theorem is the
obvious generalization of the very well known fact that the Riesz transform of an
LP (T™) function is also in LP.

THEOREM 7. Fiz oo € R™ and b € R. The associated hyperplane
L={zeR":z-a=d}
divides Z™ into two halfspaces,
H"={keZ":k-a>d} and H ={k€Z™:k-a<d}.
Then if f € LP (T™), p > 1, we have
Y fkyelk-a)

2

D
< L\l and
p keH—

2

p
< — .
S — 11,

keH+

Y fkye(k-a)
P P
One might think that replacing {k: k; > 0} by {k: a -k > d} would lead to
a serious number-theoretic problem. Fortunately, it does not. See the proof of
Theorem 7 below.
We will prove all results but one in the next section. The last section will
consist of the proof of Theorem 5.

2. Most of the proofs

We begin with a discussion of Lemma 1. As we already mentioned, everything
except the evaluation of da appears in reference [AAJRS]. To evaluate dof, let
N (z) be the characteristic function of [0,1) and Noy = Ny * Ny % --- % N7 be the
2k-fold convolution of Ny. The function N,, (z) is called the mth order cardinal

— - 2%k
B-spline. Then Ny (z) = (Nl (a:)) , S0 setting x = k in the double inversion

— \%
relation Ny (z) = (Nzk (w)) (z) shows that

. 2k
1 [ 2 [
Naw(b) = | (“) =2 |
T/ o\ T T Jo

whereas on page 191 of [C] a direct computation shows Ny, (k) to be equal to the
sum (1.4) divided by (2k — 1)!. Finally, the identification of the sum (1.4) as the
central Eulerian number appears in reference [GKP)].

2k
dx,

sinx

T

REMARK 1. The left hand side of relation (1.2) can also be evaluated exactly
by expanding and using orthogonality when p = 2k and this leads to the polynomial
relation

<2k — 1>

(N=1)k i

> ank(v)’ = YT N1 4 0 (N%-3)
v=0
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where the any (v) are defined by

. (N-D
(Q+a+a?++2¥ N = 3 ankw)a”
v=0

This is immediate from the above result and the calculation

N-1 ko /N-1 ko (N=1)k (N-1)k
(Z e(u:z:)) (Z e(ua:)) = Z ang (v)e(ve) Z ang (V) e(—vz)

v=0 v=0 v=0 v=0
(N-1)k
= Z ank (V)z—i—ZC’je(jx).
V=0 3#£0

2k
Actually it appear that fol ‘Zi\;)l e (uw)’ dz is in gemeral an odd polynomial in

N of degree 2k — 1. Relations (1.2) and (1.8) provide a formula for the leading
coefficient of this polynomial. It might be interesting to find formulas for the other
coefficients.

We turn to establishing the upper bound inequality (1.7). If W is a convex
m-dimensional polyhedron in R™ and N > 1, then W is a bounded set with a
non-empty interior. A bounded subset B C R" with non-empty interior has two
geometric properties. Namely, there are constants d (B) and D (B) so that

(2.1) dN™ <|NBNZ™|;
and
(2.2) NB C DI[-N, N]m = [-DN, DN]"L.

We will use three lemmas, all of which are essentially from the proof of Theorem 1
on pages 404 and 405 of [BT].

For x € T™, and f € L (T™), we define the m-dimensional de la Vallée-Poussin
mean to be

23 m(N= Y Y (T2 fwyetha),

, . N -1
SeP(M) N<|k;|<2N,jeS \jeS
[k;j|<N,jEM\S

where P (M) is the power set of M = {1,2,...,m}. The spectrum of a trigono-
metric polynomial Y cxe (k- x) is the set of k € Z™ for which ¢ # 0.
LEMMA 2. Let man (f) be the m-dimensional de la Vallée-Poussin mean of
feL(T™) and let W satisfy conditions (2.1) and (2.2). Then
(1) The cardinality of the spectrum of Tapn (f) is O (N™),
(2)
(2.4) svw (f) = snw (r2pn (f)) 5

and
(3) forallp>1,

(2.5) lr2on (N, < 3™ £, -
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PRrOOF. To make sense of 7opn, D must be an integer, so if necessary simply
replace D by [D]. Then (1) is immediate from the definition of 7opy. For (2),
note from the definition of 7 that when all |k;| < DN, S = @ and the multiplier

of f(k)e(k-z)is 1. We now establish (3). For f € L(T), the de la Vallée-Poussin

mean Ty, (f) is defined tobe 3 -, ., fk)e (k) +3 < k|<2n (2nzz\kl> F (k) e (k).
From this we see that

2 1
(26) Ton (f) = :_:_1 O2n (f) - nL_’_lo'n

(f);

where the Cesaro mean o, (f) corresponds to convolution with a positive kernel k,,.

1 . .
For p > 1, o (Dll, < Ikally 171, = (fy k) 171, = 7], From this and (2.6) it
follows that

(2.7) 72 (NI, < 3IF1l, -

Define TgDN(f), f € L(T™) to be the de la Vallée-Poussin mean of f thought of as a
function of z; with the other m —1 coordinates of « fixed. We find that ropn (f) =
N (T (o (T (F)) -+ +)). This and inequality (2.7) lead to (3). O

LEMMA 3. Let p € (0,2] and let T (z) ,x € T™, be a trigonometric polynomial
with spectrum of cardinality n. Then for q > p,

11
1T, <~ (m,p,q)ne=a |[T]|,.

This is proved on page 131 of [BT]. We refer to it as the change of norm lemma.
It is a sort of reverse Holder’s inequality since [|T'[|, < [|T']|, is almost immediate
from Holder’s inequality.

LEMMA 4. Let K be an arbitrary polyhedron in R™. Then there is a constant
v depending only on K, such that for alln € N and for all p € (1,00) there holds

2 m
foxae (Dl < (14 225 ) 1,
p

This is part of Corollary 2.4.5 on page 56 of [BT]. This is proved carefully, but
we would like to fill in a detail at one point. The first step of the proof is to show
that if f € LP (T™) and if H is a half space of Z™ having a hyperplane through
the origin as its boundary(H = {k € Z™ : k-« > 0} for some v € R™) or as the
boundary of its complement(H = {k € Z™ : k - a < 0} for some o € R™), then

> fkye(k-x)

2
p
keH p

p

This is Theorem 2.4.3, the M. Riesz Theorem on Projections, on page 54 of [BT].
The second step is to assert that the same result holds if the bounding hyperplane
does not pass through the origin. The third step is to decompose a general polyhe-
dron into convex polyhedra of m + 1 sides. The last step is to intersect half spaces
in a clever way in order to get the result for a convex polyhedron of m + 1 sides.
Steps 1, 3, and, 4 are carried out carefully on pages 54-57 of [BT]. We will now
do step 2 by proving Theorem 7.
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PROOF. We are given f € LP (T™), p > 1, fixed o € R™, and fixed b € R. We
must show

Y fRe(k-o)

keH+

Y fRek o)

2

p
< L], and
p keH—

P

2
P
< -

p

where the hyperplane L = {z € R™ : x - a = d} divides Z™ into the two halfspaces,
Ht ={keZ™:k-a>d} and H- = {k€Z™:k-a < d}.We have just men-
tioned that this has already been proved in [BT] when H™ and H~ are replaced by
Hf ={k€Z™:k-a>0}and Hy = {k €Z™ : k-a < 0}. The idea of this proof
is to translate the general case of HT into the special case of HSF.

We will only prove that for f € LP (T™),p > 2, there holds the inequality

25) 1£41L < plfl,

where f (z) =3, cpy+ f(k)e (k- x). This result was already proved in [BT] when
HT is replaced by HS' . The standard interpolation argument appearing in [BT]
will then produce the first part of our conclusion; also the case of H~ can be treated
in a very similar way.

Without loss of generality we may assume || = 1. Reversing « if necessary, we
may also assume that d > 0. First assume that f has only a finite spectrum, i.e.,
that f is a trigonometric polynomial. Move the halfspace Ha' in the direction of a a
distance of d to make it coincide with H . Then move it a little further if no point of
the spectrum of f lies on the boundary hyperplane until its edge first touches a point
which is in the spectrum of f. Let ¢ be any such point. Observe that this maneu-
ver might not have been possible if the spectrum of f had been infinite since there
could have been no spectrum points on the boundary hyperplane, but an infinite se-
quence of spectrum points approaching that hyperplane. Let g (x) = e(—¢ - z) f ().
Since |g| = |f|, g € L, so by the result in [BT], -, (m)e(m-x) has con-
Y masod(m)e(m- x)H <plgll,- But letting m = k — £, this

= p
last sum becomes e (—€-2) Y, ,5pa (k=0 e(k-z) = e(—L-z) f* (z). Finally,
le(—¢-x)| =1 and || f* (z), <p|fl, follows.

But the inequality constant is independent of the spectrum size and the trigono-
metric polynomials are dense in LP, so the general case of infinite spectrum follows

by approximating f by a sequence of trigonometric polynomials. We give the de-
tails. Define the square (C, 1) means to be this trigonometric polynomial

1 n n
Un(f)zmzm Z Siv.cim (F)

i11=0 G, =0

trolled LP norm,

where

L2 2
f(k)‘ < Z‘f(k)‘ . it follows
that f+ € L2. Tt is well known [Z, Vol. II, Theorem 3.18] that since f* € L2,

Since p > 2, in particular f € L?, so from Y, <.

(2.9) on (ff) = fT ae. asn — oo
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Applying the finite spectrum inequality (2.8) to o, (f), we get
low (P, = o 0

<pllon (N,
<pllfll,

where the last step was explained in the proof of part (3) of Lemma 2 above. Now
let n — oo, using (2.9), the last inequality, and Fatou’s lemma to get inequality
(2.8) without any constraint on the spectrum of f. The case of H™ is exactly the
same. (]

We may now pass to the proof of inequality (1.7).

Proor. Let f € L(T™) and let W be a convex polyhedron. From equation
(1.5), to prove inequality (1.7), it suffices to find a constant C(m,p, W) so that
[snw (O, < CN™O=1/P)||f|l,. Pick an integer D so large that condition (2.2)
holds for B = W. Apply first (2.4), then Lemma 4, then Lemma 3, and finally (2.5)

[snw (), = llsnw (r2pn (),

<7 (14 220) lrow (1)

4 \" i)
< Cy 1+E N PHrepn ()l

4p? \"
<anoy (14 L) N g

=72 (Wam,p) Nm(lil/p) ”f”l .
U

The following simple lemma allows us to convert an upper bound estimate for
an LP norm of a Dirichlet kernel into a lower bound estimate of the L? norm of
that kernel.

LEMMA 5. If S is any finite subset of Z™ of cardinality n, |S| =n, and if

D=D(S)= E e(k-x),
kesS
then

n
(2.10) 1D, = 7357—
"Dl

where 1 < p < oo and p and p’ are conjugate exponents, % + i =1.
PrOOF. Apply Plancherel’s equation to get

n=yr- | Ze(k~x)2

kesS kesS

m

da::/ |DD|dx

and then Holder’s inequality:

1/p , 1/p'
[opptas< ([ prac) ([ pras) <ol 01,
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We can now give a quick proof of the lower bound inequality (1.8).
PROOF. For every p’ in (1,00) we have
|Dxwlyy < 72 (Wom,p) N (021/20),
From inequality (2.1), Lemma 5, and this, we get
dN™
IDW Nz,
S dN™
= 72 (Wom, p) NmA=1/7)
__ 4 ()
Y2 (W,m, p)
=71 (W, m,p) N =1/P),
where 1 is defined to be d/7,. This establishes the lower bound inequality (1.8). O

1D (NWNZ™), >

This completes our work on polyhedra. We move on to the proof of Theorem
3. The only geometric properties of bounded sets with non-empty interiors that we
will need will be inequalities (2.1) and (2.2).

PROOF. Since

1 1 . 1 1
- - ,
N
Young’s inequality gives
(1) [D(NBAZ™)xToon ()], < ID(NBAZ™), [Topw S| 22 -

where the requirement that % > 1 follows from p > 2. Since Topn (f) has at
most O (N™) terms, we have the change of norm inequality

1 1

ITopn (DIl 22, < ClITopn (N, (N o

11
(2.12) =C(N™)> 7 | Tapn (Il -
We also use property (2.5) of the delayed means

(2.13) [Topn (Hlly < 3™ (£l -

The final item is Plancherel’s Theorem,

1/2
(2.14) ||D(NBﬂZm)||2< > 1) <CN?%,

keNBNZ™
Putting together inequalities (2.11) to (2.14) gives

ID(NBAZ™) « fll, < 1D (NBOZ™)||, [ Tapw ()] 2,
< [D(NBNZ™)||,C (N™)E 7 [Tann (£,
< onF3mNm ) | £,

=N | £l
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Theorem 4 is immediate from this and Lemma 5:

PROOF. We are assuming that p € (1,2] so that p’ € [2,00) and that B is
bounded with non-empty interior. We simply repeat the proof of inequality (1.8)
given above, except that p’ is constrained to [2,00) and W is replaced by B. (]

We next prove Theorem 6.

PRrROOF. We are assuming that B is bounded, has non-empty interior and sat-
isfies the An-condition. We need to show that for every p > 2, the LP (T™) norm
of Dy () is bounded below by ~; N™(1=1/P) We take inspiration from the paper
of Liflyand [L]. Let Ayp be a union of cubes of side 1 whose center is at points
of NBNZ™. Let Q(z) be the cube of side 1 centered at z. The Fourier transform
of the characteristic function of Q(0), the cube of side 1 centered at the origin, is
/ e(—z-2)dz = / e ImTEdy = H w, and so the Fourier transform

Q(0) Q(0) j

™
j=1 J

of the characteristic function of Q(z) = z + Q(0) is e (—z - z) H . Then,
j=1

/ANBe(—wx)du: Z /Q(Z)e(—u-x)du

zENBNZ™

B CLO SRR | L)t
j=1 !

TL
2€NBNZ™ j=1 J

sin(7z ;)
Ty

and we have proved the following important identity.

(2.15) /A e(—u z)du= H Sirgjj)DNB(?S)-

sinx

2
By the elementary inequality — < < 1 which is valid when |z| < 7, we can
™
see from |a| = |a| that

(2.16) |IDngll, > (/ /ANB e(—u-x)du pdm) =

Integrating e (—u-x) over Ayp and noting that Ayg = NB\ (NB\Anp) U
(AnN\ N B) gives

3=

Xang

)A(ANB (2) = Xnp (%) — )A(NB\ANB (2) Jr)ACANB\ NB (z).
Take the LP (T™) norm of e (—u - ) and apply the triangle inequality to get

(2.17) ’

)A(ANB » > ||)2NBHp - HXNB\ANB » XANB\NB »

Note that we reserve [|-||, for ||-|| 1, pm); however, we will always write |||, gm)
without abbreviation. Since T™ C R™, we have

p

XnB\ ANB

Lp(R™)

XNB\ Anp LNTM)S’

XnB ANB
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and since p > 2, from the Hausdorff-Young inequality there follows

XNB\ Anp

<]

-1
‘XNB\ANB ):|]V'B\ANB|1 )

Lr(R™) L' (Rm

so that
(2.18)

X~ B ANB

<|NB\ Ans|""%.
P
The same reasoning also produces

(2.19)

<|Anp \NB|"" 5.
p

XANB\ NB

A change of variables yields

1 1
. . .\’ m(1-1/p) . P g
Xwsll, = i Xnp(@)Pdz | =N - X5 (2)]" dx

= N7 (12, oy = I o) -
Combine this with relations (2.16), (2.17), (2.18), and (2.19) to get

X5 | Lo gemy = X5 1| Lo g N
(2.20) 1Dy, = NP

_1 _1
_ JINB\ANp|'"T P +|ANp\NB|' TP
Nm(1-1/p)

The Hausdorff-Young inequality implies that x,, € LP(R™). (Infact, [[X; [ 1pgm) <

\B|1_%.) So by Lebesgue’s dominated convergence Theorem, [[X; || gm\ n1m)
tends to 0 as N — oo. Because of the Ay condition, both [NB\ Axp| and
|Ang \ NB| are o(N™), so the term in curly brackets also goes to zero when
N — oco. Thus from inequality (2.20) it follows that there is a constant ; so that

(2.21) (/ |DNB(x)|pdx> " A NT=1/P)
Il

REMARK 2. This proof showed that ||X |, is asymptotic to eN™=1/P) where
¢ = [Xsllppgm)- Since inequality (2.16) can be reversed (with constant (w/2)™
instead of 1), an upper bound for the case of LP requires no extra work. However,
this is not useful since the case for an upper bound when p > 2 was already done
without the boundary assumption Ay in the proof of Theorem 3.

3. Proof of Theorem 5

We will only estimate the value of | Dy ||, where B = {x € R™ : |z| < 1} from
below. More specifically, we will show that

m—1
Nz 1<p< 2m
|Dngll, = e 21/p =P om !
'YlN z In N p= M1

We will prove below this lemma.
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LEMMA 6. For every p € [1, nf—’j:l) there is a positive constant ¢1 (p,m) so that

forall R > 1,
/ e(—v-y)dv
B

(3.1) /R )

2
Ifp= miill’ there is a positive constant ¢y (m) so that for all R > 1,

(3.2) /RB /Be(—v-y) dv

Let p € [1, nfill) and assume temporarily the validity of inequality (3.1).

For a small positive € < 1/2 (to be chosen later) we have

1/p 1/p
||DNB||,,=(/ |DNB|pdx> z(/ |DNdex) |
Tm eB

The same reasoning that led from identity (2.15) to inequalities (2.16) and (2.17)
above produces here

p
dy > R

7n+ 1

P+m

P
dy > In R.

paras) = ([ a@lae) - ([ imetpds)’
eB eB ) eB
([ @)

Concatenating the last two inequalities,

03 10sal,> ([ [l ar)
) { U, |XAmB($)|pdx>; # ([ i (s ) ;} |

Making first the change of variable u = Nv,du = N"dv and then the substitution
y = Nz,dy = N™dz, we estimate the first term on the right hand side of (3.3):

(/63|m(x)’pdx)p:</3/ e(—u- z)dupdx);
([ 3| [ eteuea dv”dxy

1
P P
= Nm(1=3) (/ y)dv dy>
1
1n+1 o
> Nm l—* ( - Per)T’
(3.4) = N e “%)—%.

The last inequality follows from the estimate (3.1).
Since p < 2 we may estimate each of the last two terms in (3.3) by applying
Holder’s inequality with exponents 2/p and 2/ (2 — p), then expanding the domain
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of integration to R"™, and then applying the Plancherel equation. We get

1 1
- v - bl e
( / |xANB_NB<x>|Pda:) s( / |XANB_NB<w>|2dx> (vme™)
eB eB

1 1_1
— | Axg — NBJE olf Hem(3-1)
and
B 1
— P 1 11 L
(/ |XNB—ANB(x)|pd:E> §|NB—ANB|§U7(np 2)€m(p 1)
eB

where v,, = Wy, /m = 20™/2/ (mT (m/2)) is the volume of the m dimensional ball.
Because of the geometry of the m-sphere, we know that

(3.5) Avp = NBJ* + |NB = Ayp|* =0 (N*7) 8]

Thus there is a constant ¢z (p, m) so that the quantity in curly brackets in inequality
(3.3)is < czem(%fé)NmT_l. From (3.3), this, and inequality (3.4) we get

1 1 1 1 m—1

||DNB|| >c N 21€m(77§)*§_026m(17§)N >

m—1

= gnb(;_é)_i (Cl — 6502) N2

We now choose €. Choose it so small that v; > 0.

2m
Ifp=——
b mLl’
(3.3) becomes

|Dxsll, > ( [ T dx)
_ { U XAT;VB(@'%); +( [ o o) ;} ,
so that

1
o — P m—1
(3.6a) ||DNB||pZ (/ |XNB(1‘)’deE> —chbN" = .
B
and using estimate (3.2) instead of estimate (3.1) allows us to replace inequality

(3.4) with
N
dm)

Putting this together with (3.6a) gives (3.2). It only remains to prove the lemma.

we do not need the € scaling trick. Let ¢ = 1. Then inequality

(/ IXnB(z |dx> z(/B /NBe(_u.x)du

= clN T lnN

ProoF. It is well known that

G (@) = / e (—x-€)di = Ty (2 |a) |22,
[€1<1



16 J. MARSHALL ASH AND LAURA DE CARLI

where J, is the standard Bessel function of order v. (See Stein & Weiss, p.170,
Thm. 4 with § = 0). So we have to estimate

| m@rda= [ ([ o

R
= wm/ |Jm/2 (27rr)|pr*mp/2rm*1dfr.
0

p

dy

Since J,,, /2 (r) is asymptotic to O (rm/2) for small r, the integrand is bounded for
small 7 so a lower estimate of the form c¢R? with 5 > 0 will hold equally well for
this integral or for

R
1= @) [ s ) e,

where a is any fixed positive constant. In other words, to prove the lemma it suffices
to find a positive ¢; (p,m) for which there holds

m—+1

A'InR ifp:%

(3.7) 1> { AR if 1 <p< 2m

In the integral defining I, substitute s = 27r to write

27 R
(3.8) 1:/ | T ya (5)]" sm—mP/27 s,
2

Ta

A well known large variable estimate for Bessel functions is that

2 cos (s — mtly 1
Jm/2(5):\/;(81/24)+0<5>~[E]

It follows from this that

2
(3.9) I=4/2J+E,
Y

where
27 R
J= /
2ma

and F is on the order of

m—+1 P
COS\S — ——T
M gm—mp/2-1

s1/2

117

2mR
/ - Sm—mp/Q—lds -0 (Rm_ m;lp_%>
2ma S
(3.10) . (Rm— T"’S’lp)
We will underestimate J by replacing cos (s — —mzlw) by % when it is greater

than or equal to % and by 0 elsewhere. Specifically, if

e [for 0] e 2] g

where [«] denotes the least integer < o and || denotes the greatest integer > «,

then
1 1
mt 7T7T,27rkm+ﬂ'+7?j C [2ma, 27 R)

Ik-: |:27T/€ 3 4
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and for s € I, cos (s — “r) > 1. Hence

Z 5.
t (l)P
J > ;}/jk s s
= <1>P§t:/ s*ds
2) =
where a = mTH (72111 - p) so that @« — 1 > —1. Underestimate each integrand by

its smallest value to get

J> lpi 2k~ "t a1 T al(f)
> (3 T 5T +sen(a 3 3):

k=b

Finally note that b is bounded, ¢ = R — ¢ where c¢ is bounded, and use the integral
test estimate of comparing Y f (k) with [ f (k) for positive monotone f to see that
there is a positive constant d; (p, m) so that

I lea:R_m;1p+7n %f1§p2<n2177+n1
| dilnR iftp=

Putting this estimate and estimate (3.10) into equation (3.9) allows us to complete

estimate (3.7) and thereby finish the proof. O
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