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Abstract

In this paper we prove a unique continuation theorem for elliptic
operators of the form P(D)+ V (z), where P(D) has order m > 2 and
simple complex characteristics, and V(z) € L= (R"). To prove our
main theorem we use a restriction theorem for the Fourier transform
to manifolds of codimention 2.

Introduction

Let P(D) be an elliptic operator with real constant coefficients of order m,
where 2 < m < n and n > 3, and let P,,(D) be its principal part. In
this paper we prove a ”global” unique continuation theorem for a class of
operators of the form P(D) + V().

Theorem 0.1 Suppose that V € Lw (R™). Suppose that P(D) has simple
complex characteristics in the direction v, in the sense that the polynomaial
T — Pn(C+itv), 7 € C, has only simple zeroes for each fixred ¢ € R™/{0}.
Then, every u € H™?(R"),
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which is supported on one side of the hyperplane {z : (x, v) = 0}, and solves
|P(D)u(x)] < [V (z)u(z)], (0.2)
1s =0 i R™.

By H™P(R"™) we mean the space of functions with m derivatives in LP(R").

It is well known that the multiplicity of the complex characteristics of
P(D) can affect the unique continuation properties of the solutions of (0.2).
The counterexamples of A. Plis, (see [P]), show that an elliptic operator
whose principal part has constant coefficient and sixfolds complex character-
istics of constant multiplicity can have solution with compact support, and
since then a great effort has been devoted to establish the unique continua-
tion properties of elliptic operator of order > 2 with multiple characteristics.
When V € L*(R") and the complex characteristics of P(D) are at most
double, the unique continuation properties of the H;” (R") solutions of (0.2)
are more or less well understood since many years, ([Cal, [H1]). The unique
continuation properties of an elliptic operators with complex characteristics
of multiplicity > 2 are more difficult to understand, (see [O] and the bibli-
ography there).

A distinctive feature of our problem is the fact that the "potential” V' (x)
is not bounded. In this case, very little seems to be in the literature, ([DCJ,
[Wa], [CG]). In [DC] the author proved that the differential inequality (0.2)
does not have solutions with compact support in H™?(R") provided that
the characteristics of P(D) are simple and the symbol of P, satisfies an
additional convexity assumption. The Theorem that we prove in this paper is
more general, although far from being optimal. For example, our techniques
do not allow us to prove that the conclusions of Theorem 0.1 also hold when
the complex characteristics of P, (D) are at most double. Moreover we do
not know whether our Theorems fails or not when V' € L*(R"), 1 < s < .
However, the issue is very difficult, and has not been yet addressed even for
the Laplace operator, (see [W]).

We shall prove Theorem 0.1 using the method of Carleman inequalities.
Specifically, Carleman’s method says roughly that if an a priori inequality of
the form

1€ ||y < Ol P(D) fll gy, fECTRY)  (03)



for a suitable weight ¢ and ¢ > p, is valid for a constant C' independent
of 7 which is allowed to tend to infinity, then P(D) — V has the unique
continuation property provided that V € L"(R") and % — % = %

There is a large literature concerning Carleman estimates and their ap-
plication to uniqueness questions.

An important tool of our proof is a sharp restriction theorem for the
Fourier transform to a class of manifolds of codimension 2.

Let M denote a submanifold of R" equipped with a compactly supported

measure do. Let R denote a restriction operator

Rf() = [ e f@yde, neM, feSRT).  (04)
We say that (M, do) has the LP — L9 restriction property if

||Rf||Lq(M,do) < CP||f||LP(R")' (05)

The connection between the restriction properties of hypersurfaces and
Carleman inequalities seems to be first observed by Hormander [H1]. Later,
C. E. Kenig, A. Ruiz, and C. D. Sogge [KRS], used the restriction properties
of nonsingular real quadratic forms in R" to prove uniform Sobolev inequali-
ties for second order operators with constant coefficients, which immediately
implies (0.3) when ¢ is linear. However, it seems that the restriction proper-
ties of manifold of codimension 2 have been used in connection to Carleman
type estimate for the first time by the author [DC].

The paper is organized as follows: in Section 1 we state the preliminaries
and prove some technical Lemma. In Section 2 we prove Theorem 0.1.

In what follows we shall use the convention that y denotes a smooth
cutoff function which is not necessarily the same at each occurrence. Also,
we will denote by C' a constant which may change from line to line. Finally,
we would like to thank E. Sawyer, who provided financial support through
his NSF grant while this paper was in preparation.

1 Preliminaries
Let M denote a submanifold of R™ equipped with a compactly supported

measure do. Let R denote the restriction operator (0.4). We say that (M, do)
has the LP — L? restriction property if (0.5) holds with ¢ = 2. The case q = 2
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is a special one, since one can check, using an observation of Stein and Tomas,
(see [T]), that (0.5) is equivalent to

1o # 1l gy < ClFlloen) (L1)
1 1

where -+ -5 = 1. The inequality (1.1) is easier to handle than (0.5); for

example, one can embed f — do * f into an analytic family of operator
and obtain (1.1) by (complex) interpolation from a L? — L? estimate and a
L' — L™ estimate. For a description of the complex interpolation method
see e.g. [SWI.

While the LP — L? restriction properties of the Fourier transform to
manifolds of codimension 1, and in particular the relationship between the
Gaussian curvature of the manifold and the best exponent p; for which the
LPt — L? restriction theorem holds is well understood since many years,
(see e.g. [9]), the restriction properties of the Fourier transform to manifolds
of codimension > 2 are still not well understood. A generalization of a
homogeneity argument due to Knapp, (see e.g [C] or [DCI]), shows that if
a LP — L? restriction theorem holds for a manifold of codimension 2, then

< — 2An+2)

p — p2 - n+6 °
We shall state a necessary and sufficient condition for the the LP? — L? re-
striction theorem. In what follows we will often denote ¢ = ((y, (2, -+ -, (1) €

R by (G, (), ¢ € R™L, ¢ € R, or by (G, Ga, ("), " € R™2, G € R, un-
less otherwise specified.

Let (, € M. After perhaps a change of coordinates, M can be locally writ-
ten as the graph of ¥(¢") = (¢¥1(¢"), 1¥2(¢")), where 9, and 1, are smooth in
a neighborhood of (5. Let H((, 6) = det (cos §D?(1)1) () + sin 0 D?(¢09)(C)),
where D?(¢);) denotes the Hessian matrix of ¢; and 6 € [0, 2w). We state
the following Theorem.

Theorem 1.1 M has the LP? — L? restriction property if and only if, for
all (o € M and all 0y € [0, 27), there exists k < % such that

dk
WH(C(M 90) 7é 07 (12)
or equivalently, if and only if
-2
/SW1 |H (¢, 9)|_k df < oo for some k < nT (1.3)



In his thesis, M. Christ proved that (1.2) is necessary for the L2 — L?
restriction theorem. Fourteen years later the ”if” part of Theorem 1.1 has
been proved by G. Mockenhaupt in [M].

The manifolds that we shall consider in this paper are of the following
form: let A\(¢'), u(¢') € C*(R"!/0) denote two homogeneous functions of
degree one. Suppose that u(w) never vanishes on S"72. Let

S ={CER: (= AC) 1= ()} (14)

S is a submanifold of R" of codimension 2 that can be viewed as the inter-
section of the "cone” {( : (1 = A({")} and the "cylinder” {¢ : 1 = u({)}.

In what follows we would find preferable to write S as the graph of smooth
functions. Let ¢y € S. Note that {; # (0, 0, ---, 0), since p(¢) =1

By the Euler homogeneity relation, the gradient of p(¢’) does not vanish
at (). After perhaps a change of coordinates, we can assume that V() =
(1,0, ---,0); we can also assume, without loss of generality, that either
V() =(0,--+,0,0), or VA(()) = (0, ---, 0, 1). By the implicit function
theorem there exists hq(¢”) such that

i) ho(¢") is smooth in a neighborhood of ¢/
ii) C[/) = (hQ( (/)/)7 (,)/>7
i) u(ha(C), C) = 1.

Let h1(¢") = A(ha(¢"), ¢"). Then S can be locally viewed as the graph of
h(C") = (h1(¢"), ho(C")). We prove the following technical Lemma

Lemma 1.2 Let S be defined as in (1.4). Let (o € M. Let ho(C") be as in
i), 1) and iii) above. Let hi(¢") = A(hao(C"), ¢"). Then,

G- hi(¢") + (G2 — ha(C"))
G = A) +i(1 = ()

s bounded in a neighborhood of (y.

¢

Proof. Let G(t) = G —A(tha(C")+(1=1)Ca, ¢")+i(1—p(tha(¢")+(1-1)Ca, ("),
t € R. G is a smooth function of ¢ when ( is in a neighborhood of (;, that



does not contain the origin and t € (0, 1), and G(0) = ¢ —A({")+i(1—u(¢")).
By Taylor’s formula, G(0) = G(1) 4+ G'(1) + :G" (%) for some ¢ € (0, 1); thus,

G = AMC) +i(1 = p(¢) = G = (")

o Ny
(8¢,wh<¢>,c>-+z(8@

(") ~ PR T,

<mwx¢ﬁ)mmw—@>
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where R((, 1) = ~5G (A + i) (tha(¢") + (1 = £)Ca, (). We recall that

a@ wu(¢)) = 1 and 82)\(%) = 0. Thus, if we take ¢ > 0 sufficiently small,
we can take 6 > 0 so that, if |(" — ([ 042 A(ha(C"), ¢")] < € and
a@ p(ha(¢"), (") > 1 —e. If § is sufficiently small, we can also assume that

3(h2(C") = G)?IR(C, B)] < elha(¢") — G| when |¢' — (5| < & and T € (0, 1).
Thus,

G = MC) +i(1— u(C))
0 wACLUOMx@%{ﬂ—dM@U—@

> G —h(¢") - (aC
> (1=2¢) (|G = ha(¢")| 4 1ha(C") = Gal) = (1=26)[G1 =R (¢") +i(C—ha(C"))]-

From the above immediately follows that

G hE) 4l b))
G=MO) +il—p(C) | = T2

when ( is in a neighborhood of (y, as required.

2 Proof of the main Theorems

In this section we will prove Theorem 0.1 as a consequence of the following
Carleman type inequality:

Theorem 2.1 Letp, P andV be defined as in Theorem 0.1. Then, for every
7> 0 and for every u € Cg°(R™), one has

[l [ Lamny < C||e7 P(D)ul| o@eny, (2.1)
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where

(2.2)
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< —+ (2.3)

Remark: A standard homogeneity argument show that (2.2) is necessary for
(2.1). This is the reason why we must take V € Lm (R") in (0.2).

Let us recall why Theorem 2.1 implies Theorem 0.1. Let U be a solution
of (0.2). For simplicity of notation we shall assume that U is supported in
the half space {x = (2/, x1) : 21 > 0}. We use the following special case of
(2.1):

[le” ™ ul|Lamny < Clle”™ P(D)ul|o(men)- (2.4)
Since 721 > 0 on the support of U, and since C§°(R") is dense in H™?(R"),
it is easy to see that U satisfies (2.4).

To prove that U = 0 it is sufficient to prove that there is a p > 0 so that
U =0 in the strip S, = {x € R" : 2; < p}. Take p > 0 so small that, if V' is
as above and C'is as in (2.4),

(2.5)

1
ClIVlzas, < 3

If one uses Holder’s inequality, along with (2.1) and (2.5), and the fact that
|P(D)U| < |VU], then one has the following string of inequalities for every
7> 0.

Clle™™ P(D)U||r(mr

C’ ’6_7—:01 VU| ’LP(SP) + C| |€_Tx1P(D)U| ’Lp(Rn/Sp)

1 —TT —TT
Sl Ul s,y + Clle™™ P(D)Ul|oenys,)-

e UllLacs,)

IA A

IN

Hence,
le™™ Ul|La(s,) < 2C|le”™ P(D)U|| 1o /s,),

and consequently,
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Since the above inequality holds for every 7 > 0, this forces U = 0 in §,,.

The rest of this section will be devoted to the proof of Theorem 2.1. After
replacing u by e/®"v, (2.1) is equivalent to

[0l omny < ClP(D +iTv)ul|po@n), (2.6)

and since the inverse Fourier transform of (P(¢ +irv))”" is a fundamental
solution for the operator P(D + itv), it follows that the inequality (2.6)
would be a consequence of

Let P({) denote the symbol of P. We use the same reductions as in [DC1].
A standard scaling argument reduces (2.7) to

Note that 77" P(7(+itv) = P, ((+iv)+O(7~!) when |(] is bounded. Thus,
if 7 is sufficiently large, the polynomial ( — 77" P(7( + iTv) vanishes in a
small neighborhood of the (compact) set where ¢ — P,,(¢ + iv) vanishes.

With these observations in mind, we will see that it is immaterial to
consider P, (¢ + iv) rather than 7= P(7¢ + iTv) in what follows, and thus,
we assume that P(D) = P,,(D) for the sake of simplicity.

Without loss of generality, let v = (1, 0, ---0). After perhaps a rotation
of coordinates,

GG

w Pt im0y (D9 < Ol fllerry. (2.7)

La(R")

A

(ilc.o)
/Rn T P(1¢ + m_y)f(C)dC

<Ofllp@s. (28)

La(R)

m—1
P(¢Q) ="+ > dQ;(<),
j=0

where the ();’s are real homogeneous polynomials of degree m — j. The roots
of Cl - P(C)? )‘1 (C/) +ZM1(C/)> T /\m(C/) +Zum(cl)a are smooth and homoge—
neous of degree 1 in R"!/{0}. Since P(D) is elliptic with real coefficients,
the p1;’s vanish only at the origin, and A;(¢") + ip;(¢") and A;(¢") — ip;(<)
are both roots of (; — P((y, '). Then,

m

P(¢) =T (G — A(¢) xips(¢)),
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where p;(¢") > 0, ¢’ € R"!/{0}, and consequently

P(C+iv) = TL2 (G — A(¢) +i(1 £ i (). (2.9)

The factors of the form ¢; — A;(¢")+4(1 +u] (¢")) are the ”"good” factors which
never vanish, but the ”bad” factors G — A (¢") + (1 — p;(¢’)) vanish on the
(compact) manifolds

Si=1{C:G=n0(), 1=} J<T
Since P(D) has simple complex characteristics in the direction v, then
S;N S, =0 when j # k, and we can choose cutoff functions x;(¢) € C5°(R™)
which are = 1 in a neighborhood of S; and = 0 in a neighborhood of S;, when
k+#3j.

Let xo(¢) =1 = (x1(¢) + -+ 4+ xz(¢)). Thus,

eI f()
‘ R P(C+iv) “ La(Rn)
¢ £(¢) N (9
<\ LS dipeen]| o[ el

(2.10)
We shall prove the following Lemmas

Lemma 2.2 The following inequality holds for p < > and q > p such that
L_Ll<m and for all f € C°(R™).

p q —

Lemma 2.3 The following inequality holds for q > ("+2) and p < 2, and
for all f € CP(R™).

@9 f(¢)
| r» P((+iv)

eI f(C)

R WXO(OCZC

< Ol ller@ry- (2.11)
La(R7)

X (€)

. m
<CO|fllerrry,  J < B

(2.12)

La(Rn)



(2.10), and hence (2.1), immediately follow from Lemma 2.2 and Lemma 2.3.

Proof of Lemma 2.2. Since P(( + iv) does not vanish on the support of
Xo(€)
P((+1iv)
which can be extended to a bounded operator from LP(R") to H™?(R"™). By

the Sobolev embedding theorem,

eI F(C)
R P(C +iv)

Xo, then is the symbol of a pseudifferential operator of order —m,

Xo(¢)dc < ClIfllze@ny;

La(Rn)

where 1 — 1 < ™ a5 yequired.
p n

SR

Proof of Lemma 2.3. By Hormander’s multiplier theorem, ( —
G = A(¢) + i1 = ()
P((+1iv)
all j < %, (see e.g. [So]). Thus, in order to prove (2.12), it is sufficient to

prove (2.13) below.

‘ 15 (<))

For simplicity we will omit the subscript j from now on. Let

X;(€) is a L? Fourier multiplier for every ¢ > 1 and

(2.13)

X (QdC | < Cllfllp, <

q

e@af(¢) m
R” §1 — )\j<</) + 2(1 — 2

£l Q) )
- R" Cl _ A(C/) + i(l _ N(g,))f(C)X(C)dQ

and let S = {C € R" : (; = A(’), n(¢’) = 1}. Let {, € S. Since S is
compact, there is no loss of generality if we assume that the support of y is
concentrated in a small neighborhood of (y. Let h(¢”) = (h1(¢"), ho(¢")) be
as in Lemma 1.2. Thus,

T(f)

i)

T = [ o=@ e i OfOxOK @14

where we have let

m(C) = G = hi(¢") +i(C — ha(¢"))
G = M) +i(1—pu(¢)

10




By Lemma 1.2, x({)m(() is bounded if the support of y is sufficiently small.
Let 0 < o < 1; consider the operators

B e 0 F(Ox ()

LD = f G he Tie - W
£il(,0)

e G @ TG =TT

dc, (2.15)

M) f(¢)x(C)d¢, (2.16)

where we have let M () = m(oe—z‘Arg (=R (@) +ilG=h2(C"))  Since T = LoG,
if we prove that ||G(f)[l2 < C||f|ly, and [[L(f)lly < C|If|l2, ¢ < Z5, then
the proof of (2.13) follows.

We consider G first. We recall that, by Lemma 1.2, M(¢) is bounded.
By Plancherel theorem,

/(P
(¢") +1i(C2 — ha(¢"))
If we let z% =1- 1—1), then p’ > 2, and hence %—1% > (. By Holder’s inequality

1
27

lGHE=C [ e (O

: U1
with exponents yts=
1
S

x(¢) dg) T @

G = ha(¢”) + (G — ha(C")) |57

The integral in (2.17) is finite if 0s < 2 . By Hausdorff-Young inequality,
HG()ll2 < C||fl]], for every p < 2. B
We shall now prove that L is bounded. Since the adjoint of L is L, we
prove that [|L(f)[|2 < C||fllg, where 5 =1— ..
Assume that h satisfies (1.2) of Theorem 1.1 when ¢ € supp(x). By
Plancherel theorem,

HmﬂmSWM<@

) fOF
IO = [ e T it @ XL

If welet ¢ = s+ hi(¢"), G =t+ ha(("),

(s +Rha(C"), t+ ha(C"), ¢
|s + at[2(-2)

L= [, (s, t, ¢") dsdtdC".

11



Without loss of generality x(s, ¢, ") can be written as x(r)x(s)x(|¢" — 1),
where the support of the new x is concentrated in a neighborhood of the
origin. Thus,

P =f, 2O AT, Bl CYPXC — ac,

R2 |s + it[2(1-9)

where we have set A; ((f)(z) = e~ i(t@1+522) f(z). By assumption, S has the

L7 — L2 restriction property with ¢ < py = 2(:—162). Note that ¢ > %
Thus,
X(s)x(t)

LLODIE < CliAw (DI [

R2 |s + it|2(1—

since |A: s(f)(z)| = |f(x)|, and the above integral is finite for all 0 < o < 1.

jdsdt < ClIfIZ,

When S does not have the LP0 — L? restriction property we use a little trick.
Let M ={C: (1 = ¢1("), (o = ¢2(¢")} be a smooth manifold of codimension
2. Suppose that {, € M and that ¢ = (¢, ¢o) satisfies (1.2) of Theorem 1.1
when ¢ € supp (). We let

G — G+ —o1(¢"), G — G+ ha(C") — $1(¢”) in (2.14). Thus,

RIS
(D= [0 e st 176 auem MG o e HIQOXQd, (218)

~

where we have let Hf(¢) = f(C1+ hi(¢") — ¢1(C"), G+ ha(C") — p2(C"), ("),

and
M(C, 21, z) = e @1 (h (") =1(¢")+z2 (P (C")—¢1(¢"))

X m(G+ (") = 1(¢"), G+ (") = 1(¢"), ¢).

Since h(¢f) = ¢(¢}), the application ¢ — (G + ha(C") — 61(C"), G+ ha(¢") —
("), ¢") maps a neighborhood of {, onto a neighborhood of ¢y, and
|M(C, x1, x2)| is uniformly bounded, with bounds independent of x; and z,
when the support of x is sufficiently small. Let 0 < ¢ < 1; consider the
operators

_ =9 F(O)x(C)
e A N (R E () =

i@, 0) i

o o=@ G e QHAONQG

12

dg,




where we have let M(xl, T, () = M (x4, 2, C)e”'Arg(Cl’¢1(<H)”(@’¢2(CH))).
Since T' = Lo G, if we prove that ||G(f)||2 < C||fll,, and || L( /)], < C||f|l2,
q < 2(:—:62), then the proof of (2.12) follows.

L can be estimated as for the previous case. To estimate GG, observe that

by Plancherel theorem,

IGOIESC [ g 16— M

We let (1 — ¢ — ha(¢") + ¢1(¢"), G2 — G2 — ha(C”) + ¢2(¢") in (2.16). We
obtain

(2.19)

) 1F(Q)1?
G <€ Jo T = h(@ + (G = hat@rypr (%

and after that ||G(f)||3 can be estimated as for the previous case. The proof
of Lemma 2.3 is thus complete.
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