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Abstract

We investigate the Lp(R+)−Lq(R+) mapping properties of the oper-
ator

Lα
ν, µf(y) = yµ

∫ ∞
0

(xy)νf(x)Jα(xy)dx, f ∈ C∞0 (0, +∞),

for suitable values of the parameters, and we evaluate the operator
norm of Lα

ν,µ in some special and significant cases.

1 Introduction

We consider the following class of operators,

L=
{
Lα

ν,µf(y) = yµ
∫ ∞

0
(xy)νf(x)Jα(xy)dx, f ∈ C∞0 (0, +∞)

}
, (1.1)

where Jα(r) denotes the usual Bessel function of the first kind, α ≥ −1
2 and

ν and µ are real parameters.
In this paper we investigate the Lp(R+) − Lq(R+) mapping properties

of these operators for exponents 1 ≤ p, q ≤ ∞.
We will consider real-valued Lp spaces, since a general theorem of J.

Marcinkiewicz and A. Zygmund about vector-valued linear operators, (see
[MZ]), implies that a bounded linear operator that maps a real-valued Lp

space into a real valued Lq space also maps the complex valued version of
the same spaces into themselves with the same norm.

The main results of this paper are the following:

Theorem 1.1 Lα
ν, µ is bounded from Lp(R+) to Lq(R+) whenever α ≥ −1

2
,

and

a) 1 ≤ p ≤ q ≤ p′, and if and only if

µ =
1
p′
− 1
q

and − α− 1
p′
< ν ≤ 1

2
, (1.2)
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b) 1 ≤ p ≤ p′ ≤ q, µ =
1
p′
− 1
q
, and −α− 1

p′
< ν ≤ 1

2
− 1
p′

+
1
q
.

To prove this Theorem we will use Proposition 3.1 and an interpolation
argument of Stein and Weiss. In Appendix 1 we provide examples that
show that the bounds for ν in (1.2) are best possible.

Theorem 1.2 The following inequality holds for every 1 < p ≤ 2, α ≥ −1
2

and f ∈ C∞0 (R+)

‖Lα
1
2
, 0
f‖

Lp′ (R+
)

||f ||
Lp(R+

)

≤ 2
1
p
− 1

2
p

1
2

(
α+ 1

2
+ 1

p

)
(p′)

1
2

(
α+ 1

2
+ 1

p′

) Γ
(
(α+ 1

2)p′

2 + 1
2

) 1
p′

Γ
(
(α+ 1

2)p
2 + 1

2

) 1
p

. (1.3)

The constant on the right-hand side of (1.3) is best possible. The equality in
(1.3) is attained by the functions fs(x) = xα+ 1

2 e−sx2
, s > 0.

Lα
1
2
, 0

referred to Hankel transform in the literature, (see Section 2).
The proof of Theorem 1.2 is a generalization of Beckner’s celebrated

proof in [Be], and will be performed with a series of steps, some of them
crucial, some of them of technical nature. We will write these steps in the
form of Lemmas, and, in the process, we will highlight the applications of
these Lemmas to other problems in Analysis, the hypercontractivity of the
Laguerre semigroup being one of the most significant issues.

Acknowledgements. We wish to thank W. Urbina for providing insights
at a crucial stage of this project.

2 The Hankel transforms

Our interest in the class L was originally motivated by the Fourier transform
and the Hankel transform.

The Fourier transform f̂(ζ) =
∫
Rn

e−i(x1ζ1+···+xnζn)f(x) dx is well de-

fined when f ∈ C∞0 (Rn), and can be extended to a bounded linear operator
from Lp(Rn) to Lq(Rn) if and only if 1 ≤ p ≤ 2 and q = p′, (see e.g. [T]).
Furthermore,

||f̂ ||Lp′ (Rn
) ≤ (2π)

n
p′

(
p

1
p (p′)−

1
p′

)n
2

||f ||Lp(Rn
), f ∈ C∞0 (Rn). (2.1)
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The constant on the right-hand side of (2.1) is best possible, as W. Beckner
proved in a celebrated paper [Be].

The Gaussian functions fs(x) = e−s(x2
1+···+x2

n), with s > 0, attain the
equality in (2.1). E. Lieb proved in [L] that the fs are the only function
for which the equality is attained. Since the Fourier transform of a radial
function is radial, we can state the following important observation: the
Fourier transform has the same Lp(Rn) → Lp′(Rn) norm of its restriction
to the radial functions of Lp(Rn).

The restriction of the Fourier transform to the space of radial functions
can be rewritten as a constant multiple of an operator of the class L. In fact
the Fourier transform of f(|x|) is

f̂(|ζ|) = (2π)
n
2 |ζ|−

n
2
+1
∫ +∞

0
f(r)r

n
2 Jn

2
−1(r|ζ|) dr

= (2π)
n
2 |ζ|−n+1

∫ +∞

0
f(r)(|ζ|r)

n
2 Jn

2
−1(r|ζ|) dr = (2π)

n
2L

n
2
−1

n
2

, 1−nf(|ζ|). (2.2)

Following [CCTV], we will refer to Lα
α+1,−2α−1, α > −1, as to the Fourier-

Bessel transform of order α, even though this operator, which H. Hankel
introduced in 1875, (see [H]), is sometimes referred to as Hankel transform
in the literature. We let

H̃αf(x) = Lα
α+1,−2α−1f(x) =

∫ +∞

0
f(t)(xt)−αJα(xt) t2α+1dt. (2.3)

From (2.2) follows that

f̂(|ζ|) = (2π)
n
2 H̃n

2
−1f(|ζ|), f ∈ C∞0 (R+), ζ ∈ Rn.

The Fourier-Bessel transform of order α shares a lot of properties with the
Fourier transform. H. Hankel proved the following inversion formula,

H̃α

(
H̃αf

)
(x) = f(x), f ∈ C∞0 (0, +∞). (2.4)

A short and elegant proof of (2.4) is in [CCTV]. It is easy to prove that
the Fourier-Bessel transform extends to an isometry on L2(R+, x2α+1dx).
Moreover, |H̃αf(x)|≤bα||f ||L1(R+

, t2α+1dt)
, where

bα = sup
t∈R+

|t−αJα(t)|. By Riesz interpolation theorem, the Fourier Bessel
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transform extends to a bounded linear operator from Lp(R+, t2α+1dt) to
Lp′(R+, t2α+1dt), and

‖H̃αf‖Lp′ (R+
, t2α+1dt)

‖f‖
Lp(R+

, t2α+1dt)

≤ b
1− 2

p′
α . (2.5)

Note that the Lp(R+, t2α+1dt)− Lp′(R+, t2α+1dt) norm of H̃α is the same
as the Lp(R+)− Lp′(R+) norm of Lα

2α+1
p′ −α, 0

. Indeed, if we let

F (t) = t
2α+1

p f(t), and we observe that F (t) ∈ Lp(R+) if and only if f(t) ∈
Lp(R+, t2α+1dt), using (2.3) we can see that

‖H̃αf‖Lp′ (R+
, t2α+1dt)

‖f‖
Lp(R+

, t2α+1dt)

=
‖Lα

2α+1
p′ −α, 0

F‖
Lp′ (R+

)

‖F‖
Lp(R+

)

. (2.6)

Lα
1
2
, 0

is the so-called Hankel transform of order α. This is a well studied
operator with remarkable properties. We will let

Hαf(x) = Lα
1
2
, 0
f(x) =

∫ +∞

0
f(t)(xt)

1
2Jα(xt) dt. (2.7)

The Hankel transform shares many properties with the Fourier transform
as well. The following inversion formula for the Hankel transform is proved
e.g. in [EMOT]

Hα (Hαf) (x) = f(x), f ∈ C∞0 (0, +∞). (2.8)

From (2.8) follows that the Hankel transform extends to an isometry on
L2(R+). Moreover, |Hαf(x)| ≤ cα||f ||L1(R+

)
, where cα = sup

t∈(0, +∞)
|t

1
2Jα(t)|.

By the M. Riesz convexity theorem, the Hankel transform extends to a
bounded linear operator from Lp(R+) to Lp′(R+) for every 1 ≤ p ≤ 2, and

||Hαf ||Lp′ (R+
)

||f ||
Lp(R+

)

≤ c
1− 2

p′
α . (2.9)

In Section 6 we will evaluate the Lp(R+) → Lp′(R+) norm of this oper-
ator. This is one of the main results of this paper, (see Theorem 1.2).
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Unfortunately the techniques that we used to compute the Lp(R+) →
Lp′(R+) norm of the Hankel transform cannot be used to compute the
Lp(R+, t2α+1dt) to Lp′(R+, t2α+1dt) norm of the Fourier Bessel transform
for arbitrary values of the exponent α. When α = n

2 − 1, where n is a
positive integer, the norm of the Fourier Bessel transform can be computed
with the aid of the Theorems of Beckner and Lieb.

The following Proposition will be proved in Appendix 2.

Proposition 2.1 The following inequality holds for every 1 < p ≤ 2, n ≥ 1
and f ∈ C∞0 (Rn).

‖H̃n
2
−1f‖Lp′ (R+

, rn−1dr)

‖f‖
Lp(R+

, rn−1dr)

≤ Γ
(
n

2

) 1
p′−

1
p p

n
2p

(p′)
n

2p′
2
(n

2
−1)
(

1
p′−

1
p

)
. (2.10)

The constant in (2.10) is best possible and coincide with the Lp(R+) −
Lp′(R+) operator norm of L

n
2
−1

1−n
2
+n−1

p′ , 0
. The equality in (2.10) is attained

by the functions fs(x) = e−sx2
, s > 0.

3 An easy Lp − Lq inequality.

In this section we show that Lα
ν, µ can be viewed as a convolution operator,

and we estimate its operator norm using Young inequality for convolution.

Proposition 3.1 Lα
ν, µ is bounded from Lp(R+) to Lq(R+) whenever

q ≥ p ≥ 1, α > −1
2 , and ν and µ satisfy

µ =
1
p′
− 1
q
, and − α− 1

p′
< ν <

1
2
− 1
p′
. (3.1)

For these values of the parameters,

‖Lα
ν, µf‖Lq(R+

)
≤ ‖xν− 1

q Jα‖Lr(R+
)
||f ||

Lp(R+
)
, (3.2)

where
1
r

= 1 +
1
q
− 1
p
.

Proof. Observe, first of all, that homogeneity considerations force µ =
1
p′
−1
q
.
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Lα
ν, µ can be viewed as a convolution operator with respect to

dx

x
, the

Haar measure on R+. Recall that the convolution of f and g with respect

to the measure
dx

x
is f ∗ g(x) =

∫ ∞

0
f(t)g(xt)

dt

t
.

More specifically,

Lα
ν, µf(y) = yµ

∫ ∞

0
(xy)νf(x)Jα(xy)dx

= yµ
∫ ∞

0
(xy)νx

1
p′ x

1
p f(x)Jα(xy)

dx

x

= y
µ− 1

p′
∫ ∞

0
(xy)ν+ 1

p′ x
1
p f(x)Jα(xy)

dx

x
= y

µ− 1
p′

(
x

1
p f(x) ∗ Jα(x)(x)ν+ 1

p′

)
.

Since µ − 1
p′

= −1
q
, if we let F (x) = x

1
p f(x) and G(x) = x

ν+ 1
p′ Jα(x), we

can conclude that Lα
ν, µf(y) = y

− 1
q (F ∗G) (y). Therefore, the inequality

||Lα
ν, µf ||Lq(R+

)
≤ C||f ||

Lp(R+
)

is equivalent to
||F ∗G||

Lq(R+
, dx

x
)
≤ C||F ||

Lp(R+
, dx

x
)
. By Young’s inequality for convolution,

||F ∗G||
Lq(R+

, dx
x

)
≤ ||F ||

Lp(R+
, dx

x
)
||G||

Lr(R+
, dx

x
)

provided that

1 +
1
q

=
1
p

+
1
r

and G(x) = x
ν+ 1

p′ Jα(x) ∈ Lr(R+,
dx

x
).

Since |xν+ 1
p′ Jα(x)| = O(xα+ν+ 1

p′ ) as x→ 0, and |xν+ 1
p′ Jα(x)| = O(xν+ 1

p′−
1
2 )

as x → ∞, we can see that xν+ 1
p′ Jα(x) ∈ Lr(R+,

dx

x
), (or equivalently,

x
ν− 1

q Jα(x) ∈ Lr(R+)), if and only if

α+ ν +
1
p′
> 0 and ν +

1
p′
− 1

2
< 0,

or −α− 1
p′ < ν < 1

2 −
1
p′ , as in (3.1).

Remark 1. Note that (3.1) forces α > −1
2 .

Remark 2. The operator Lα
1
2
,−1

is bounded from L1(R+) to L1,∞(R+).
Indeed,

Lα
1
2
,−1
f(y) = y−1

∫ ∞

0
(xy)

1
2Jα(xy)f(x)dx = y−1Hαf(y)
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is in L1,∞(R+) because Hαf(y) is bounded whenever f ∈ L1(R+), and

‖Lα
1
2
, −1

f‖
L1,∞(R+

)
≤ ‖Hαf‖L∞(R+

)
≤ cα‖f‖L1(R+

)
, (3.3)

where cα = sup
t∈(0, +∞)

|t
1
2Jα(t)|.

4 Open problems and conjectures.

Proposition 3.1 is not optimal in many respects. First of all, the range of
values for ν and α in (3.1) is not optimal, since it does not include ν = 1

2
(as in the Hankel transform!) and α = −1

2 . Also, the inequality (3.2) is not
sharp.

The problem of evaluating the Lp−Lq operator norm of Lα
ν, µ for general

values of the parameter seems to be very difficult. At the moment we can
only evaluate it when q = p′, α ≥ −1

2 and ν = 1
2 , (Theorem 1.2), and when

q = p′, α =
n

2
− 1, where n ≥ 2 is an integer, and ν = 1 − n

2
+
n− 1
p′

,

(Proposition 2.1)

The theorem of E. Lieb implies that the Gaussian functions are the only
maximizers for operator norm of the Fourier-Bessel transform when α =
n
2 − 1. We conjecture that this is true in general, that is, that the Gaussian

functions are the only maximizers of the ratio
‖H̃αf‖Lp′ (R+

, rn−1dr)

‖f̃‖
Lp(R+

, rn−1dr)

for every

α ≥ −1
2 . If that is the case, then the Lp(R+, r2α+1dr)− Lp′(R+, r2α+1dr)

norm of the Hankel transform is

sup
‖H̃αf‖Lp′ (R+

, r2α+1dr)

‖f̃‖
Lp(R+

, r2α+1dr)

= sup
‖Lα

2α+1
p′ −α, 0

(F )‖
Lp′ (R+

)

||F ||
Lp(R+

)

= 2
α

(
1
p′−

1
p

)
p

α+1
p (p′)−

α+1
p′ Γ(α+ 1)

1
p′−

1
p′ . (4.1)

More in general, we conjecture the following:

Conjecture 1. The Lp → Lq norm of Lα
ν, µ is finite if α ≥ −1

2 ,
1 ≤ p ≤ q ≤ ∞, and if and only if ν and µ are such that

µ =
1
p′
− 1
q
, and − α− 1

p′
< ν ≤ 1

2
. (4.2)
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For these values of the parameters,

sup
‖Lα

ν, µf‖Lq(R+
)

‖f‖
Lp(R+

)

= Cα
ν, p, q, (4.3)

where we have let

Cα
ν, p, q = 2ν− 1

q
p

1
2
(1+α−ν+ 1

p
)

q
1
2
(α+ν+ 1

p′ )

Γ
(

α+ν+µ
2 q + 1

2

) 1
q

Γ
(

1+α−ν
2 p+ 1

2

) 1
p

. (4.4)

Conjecture 2. The functions fs(x) = e−sx2
x1−ν+α, s > 0, are the only

maximizers of the ratio in (4.3).

Both conjectures hold true in special and significant cases, (see Proposi-
tion 2.1 and Theorem 1.2). We have proved in Appendix 1 that the bounds
for ν are optimal.

Proving that
‖Lα

ν, µf‖Lq(R+
)

‖f‖
Lp(R+

)

≥ Cα
ν, p, q is easy. The functions fs(x) de-

fined above are in Lp(R+) because, by (4.2) and the fact that α ≥ −1
2 ,

1 − ν + α ≥ 1
2

+ α ≥ 0 > −1
p
. A change of variables shows that the

ratio
‖Lα

ν, µ(fs)‖Lq(R+
)

‖fs‖Lp(R+
)

is independent of s. When s = 1
2 , Lα

ν, µ(f 1
2
)(y) =

yµ
∫ ∞

0
e−

x2

2 Jα(xy)xα+1dx can be explicitly computed, (see e.g. [EMOT],

pg. 29, n. 10), and is yα+ν+µe−
y2

2 . Thus, by the well known identity

∫ ∞

0
e−sx2

xmdx =
s−

1+m
2

2
Γ
(

1 +m

2

)
, m > −1, (4.5)

follows that
‖Lα

ν, µ(fs)‖Lq(R+
)

‖fs‖Lp(R+
)

=
‖yν+α+µe−

y2

2 ‖
Lq(R+

)

‖x1−ν+αe−
x2

2 ‖
Lp(R+

)
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=

(∫∞
0 y(ν+α+µ)qe−

qy2

2

) 1
q

(∫∞
0 x(1−ν+α)pe−

px2

2

) 1
p

= 2ν− 1
q
p

1
2
(1+α−ν+ 1

p
)

q
1
2
(α+ν+ 1

p′ )

Γ
(

α+ν+µ
2 q + 1

2

) 1
q

Γ
(

1+α−ν
2 p+ 1

2

) 1
p

= Cα
ν, p, q.

5. Proof of Theorem 1.1

The proof of Theorem 1.1 relies on a Theorem on interpolation of operators
with change of measure proved by E. Stein and G. Weiss in [SW].

Let (M, M, dα) and (N, N , dµ) be measure spaces. Let T be a sublinear
operator mapping a class of functions on M into a class of functions on N .

Let dβi i = 0, 1 be measures on M, and let dαi i = 0, 1 be measures on
N . We let β = β0 + β1, α = α0 + α1. By Radon-Nikodim theorem there
exist functions hi(x) on M and ki(y) on N which are such that, for every
dβi-measurable subset of M and every dαi measurable subset of N ,

βi(E) =
∫

E
hi(y)dβ(y), αi(F ) =

∫
F
ki(x)dα(x).

For every r, s ∈ [0, 1] we can define the following measures on M and N

βs(E) =
∫

E
hs

1h
1−s
0 (x)dβ(x), αr(F ) =

∫
F
kr

1k
1−r
0 (x)dα(x).

So, if we let βi = ymidy and αi = xnidx for some mi, ni ∈ R, we gather

βs = ysm1+(1−s)m0dy, αr = xrn1+(1−r)n0dx.

Let 1 ≤ p0 6= p1 ≤ ∞, 1 ≤ q0 6= q1 ≤ ∞. For every t ∈ (0, 1), we consider
the exponents qt and pt that satisfy the following relation.

1
pt

=
t

p1
+

1− t

p0
, and

1
qt

=
t

q1
+

1− t

q0
.

We also let s(t) =
tqt
q1

, (so that 1− s(t) = (1− t)
qt
q0

) and r(t) =
tpt

p1
. With

this position

βs(t) = y
qt

(
t

m1
q1

+(1−t)
m0
q0

)
dy, and αr(t) = x

pt

(
t

n1
p1

+(1−t)
n0
p0

)
dx.

The main theorem in [SW] can be stated as follows.
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Theorem 5.1 Let T be a sublinear operator satisfying

||Tf ||Lpi (M,dβi) ≤ Ki||f ||Lqi (N,dαi)

(or ||Tf ||Lpi,∞(M,dβi) ≤ Ki||f ||Lqi (N,dαi)), for every f ∈ Lp(M, M, dβi) and
i = 0, 1,. Then T is defined also in Lp(M,dβs(t)) for every t ∈ (0, 1), and

||Tf ||Lp(M,dβs(t)) ≤ Kt||f ||Lq(N,dαr(t)).

where Kt is independent of f .

To prove Theorem 1.1 we argue as follows: When q ≤ p′ and ν = 1
2 , we

let
TF (y) =

∫ ∞

0
F (x)Jα(xy)dx, F ∈ C∞0 (R).

Then

Lα
1
2
, µ
f(y) = yµ+ 1

2

∫ ∞

0
x

1
2 f(x)Jα(xy)dx = yµ+ 1

2T (x
1
2 f)(y).

If we let dβ = yq(µ+ 1
2
)dy, dα = x−

p
2 dx and F (x) = x

1
2 f(x), we can see at

once that the inequality

‖TF‖
Lq(R+

, dβ)
≤ C‖F‖

Lp(R+
, dα)

,

(resp. ‖TF‖
Lq,∞(R+

, dβ)
≤ C‖F‖

Lp(R+
, dα)

), is equivalent to

‖Lα
α, µf‖Lq(R+

)
≤ C‖f‖

Lp(R+
)
,

(resp. ‖Lα
α, µf‖Lq,∞(R+

)
≤ C‖f‖

Lp(R+
)
).

When q = p′ we are in the case of the Hankel transform, so we assume

q < p′. The point
(

1
p ,

1
q

)
is above the duality line

1
q

= 1− 1
p
. We apply the

Theorem of Stein and Weiss with p1 = q1 = 1 and q0 = p′0 that satisfy

1
p

=
1− t

p0
+ t,

1
q

=
1− t

p′0
+ t

for some t ∈ (0, 1). The point
(

1
p0
, 1

p′0

)
is the intersection of the line in

[0, 1]× [0, 1] that joins the points
(

1
p ,

1
q

)
and (1, 1), and the duality line.
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We gather

t =
1
q
− 1
p′
, p0 = 1 +

q′

p′
. (5.1)

By (3.3)
||Lα

1
2
,−1

f ||
L1,∞(R+

)
≤ cα‖f‖L1(R+

)
,

and by (4.1)
||Lα

1
2
, 0
f ||

L
p′
0 (R+

)
≤ Cα

1
2
, p0, p′0

‖f‖
Lp0 (R+

)
.

Therefore,
||TF ||

L1,∞(R+
, dβ1)

≤ cα‖F‖L1(R+
, dα1)

,

and
||TF ||

L
p′
0 (R+

,dβ0)
≤ Cα

1
2
, p0, p′0

‖F‖
Lp0 (R+

,dα0)
,

where we have let

dβ1 = y−
1
2dy, dβ0 = y

p′0
2 dy, dα1 = x−

1
2dx, dα0 = x−

p
2 dx.

We can apply the theorem of Stein and Weiss and conclude that

||TF ||
Lq(R+

,dβs(t))
≤ Ct‖F‖Lp(R+

,dαr(t))
, (5.2)

where Ct does not depend on f . By the definitions of dβs(t), dαr(t) and (5.1),

dβs(t) = y
q

(
− t

2
+

(1−t)p′0
2p′

0

)
dy = yq( 1

2
+µ)dy

and

dαr(t) = x
−p

(
− t

2
− (1−t)p0

2p0

)
dx = x−

p
2 dx,

and so (5.2) is equivalent to

||Lα
1
2
,µ
f ||

Lq(R+
)
≤ Ct‖f‖Lp(R+

)
, (5.3)

as required.

To prove the Theorem for q ≤ p′ and
1
2
− 1
p′
≤ ν <

1
2

we let ν = 1
2 − ε,

with 0 < ε ≤ 1
p′

. We use the identity (6.1) in the Appendix 1 and the in-

version formula for the Hankel transform to conclude that (xy)
1
2
−εJα(xy) =

11



Hα−εψε(xy), where we have let ψε(t) = 21−εΓ(ε)−1χ(0,1)(t)(1−t2)ε−1tα−ε+ 1
2 .

With this position

Lα
ν,µf(y) = yµ

∫ ∞

0
f(x)Hα−εψε(xy)dx = yµ

∫ ∞

0
ψε(z)Hα−εf(zy)dz

=
∫ ∞

0
ψε(z)Lα−ε

1
2
,µ
ψε(zy)dz.

Thus, by (5.3),

||Lα
ν,µf ||Lq(R+

)
≤
∫ ∞

0
ψε(z)||Lα−ε

1
2
,µ
ψε(z .)||Lq(R+

)
dz

≤ Ct||f ||Lp(R+
)

∫ ∞

0
z
− 1

qψε(z)dz

= 21−εΓ(ε)−1Ct||f ||Lp(R+
)

∫ 1

0
(1− z2)ε−1z

α−ε+ 1
2
− 1

q dz.

The integral is finite because α ≥ −1
2 , and

α− ε+
1
2
− 1
q
> −ε− 1

q
> − 1

p′
− 1
q
> −1

since we have assumed p < q < p′. This concludes the proof of part a) of
the Theorem 1.1.

To prove part b) we observe that the adjoint of Lα
ν,µ is Lα

ν+µ,−µ. Since
q > p′, by part a) the Lq′ − Lp′ norm of Lα

ν+µ,−µ is finite is ν + µ ≤ 1
2 , that

is, ν ≤ 1
2 −

1
p′ −

1
q . By duality, the Lp − Lq norm of Lα

ν,µ is finite as well.
This concludes the proof of Theorem 1.1.

6. Proof of Theorem 1.2

The proof of Theorem 1.2 is a generalization of Beckner’s celebrated proof
in [Be], and will be performed with a series of steps which are important
in their own because of the connection with other problems in Analysis,
the hypercontractivity of the Laguerre semigroup being one of the most
significant issues.

12



6.1 Preliminaries

In this section we collect together a few preliminary facts concerning the
Laguerre polynomials and we state our main Theorem. We refer to [Sz] or
to [Th] for details.

For α > −1, x > 0 and k = 0, 1, 2, · · ·, the Laguerre polynomials of type
α are defined by the formula

e−xxαLα
k (x) =

1
k!

dk

dxk
(e−xxk+α). (6.1)

Each Lα
k is a polynomial of degree k. The Laguerre polynomials satisfy the

following orthogonality relations,

∫ +∞

0
Lα

k (x)Lα
j (x)e−xxαdx =


0, if k 6= j,

Γ(k + α+ 1)
Γ(k + 1)

, if k=j.
(6.2)

A change of variables shows that the orthogonality relation (6.2) can be
rewritten as

∫ +∞

−∞
Lα

k (x2)Lα
j (x2)e−x2

x2α+1dx =


0, if k 6= j,

Γ(k + α+ 1)
Γ(k + 1)

, if k=j.
(6.3)

The polynomials Lα
k (x2) are a constant multiple of the so-called Generalized

Hermite polynomials of order α+ 1
2 and even degree. See [Ro].

We shall use the following important identity, often called the Hille-
Hardy identity, which is valid for real or complex ω’s such that |ω| < 1 and
for x, y ∈ R.

Kα
ω (x2, y2) =

∞∑
k=0

Γ(k + 1)
Γ(k + α+ 1)

Lα
k (x2)Lα

k (y2)ωk

= (1− ω)−1(xy)−α(−ω)−
α
2 e−

ω
1−ω

(x2+y2)Jα

(
2xy(−ω)

1
2

1− ω

)
. (6.4)

Kα
ω (x2, y2) is the Mehler kernel of order α. By (6.3),∫ ∞

−∞
Kα

ω (x2, y2)Lα
k (x2) e−x2 |x|2α+1dx = ωkLα

k (y2). (6.5)

13



In what follows we will let

Tα
ω (ψ)(t) =

∫ ∞

−∞
Kα

ω (x2, t2)ψ(x)|x|2α+1e−x2
dx, (6.6)

where |ω| < 1 is a complex parameter. This is, up to a constant of normal-
ization and change of variables, the Laguerre semigroup. See e.g. [Th].

6.2 Hypercontractivity of the Laguerre semigroup

The Hille-Hardy identity allows us to replace the Bessel function in Lα
ν, µ

with the Mehler kernel, and to establish a connection between the Lp − Lq

mapping properties of these operators and the hypercontractivity of the
Laguerre semigroup. We prove the following

Lemma 6.1 Let 1 ≤ p ≤ q ≤ ∞, α ≥ −1
2 , and µ and ν such that

µ =
1
p′
− 1
q
, and − α− 1

p′
< ν ≤ 1

2
, (6.7)

(see(4.2)). We let

q(α+ ν + µ) = 2γ + 1, (α− ν + 1)p = 2β + 1, (6.8)

and cm = 2m+1Γ(m + 1) =
∫
R
e−

x2

2 x2m+1dx. Let Cα
ν,p,q be defined as in

(4.4).
The inequality

‖Lα
ν, µf‖Lq(R+

)
≤ Cα

ν, p,q‖f‖Lp(R+
)

(6.9)

is valid for every f ∈ C∞0 (R+) if and only if the inequality

∫
R
|Tα

ω (k)(yε)|p′ e
− y2

2 |y|2γ+1dy

cγ


1
q

≤

∫
R
|k(xε)|p e

−x2

2 |x|2β+1dx

cβ


1
p

(6.10)

where ε =

√
p+ q

2pq
, is valid for every even polynomial k and for ω = −pq−1.

Remark. Note that in the case of the Fourier Bessel transform ν = 2α+1
p′ −α

and µ = 0, and so 2β + 1 = 2γ + 1 = 2α + 1. In the case of the Hankel
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transform, ν = 1
2 and µ = 0, and 2β+1

p = 2γ+1
q . Observe also that the

assumptions on µ and ν in (6.7) imply

−1
q
<

2γ + 1
q

≤ 2β + 1
p

+ µ. (6.11)

Proof. It is convenient to use the new notation and rewrite (6.9) in the
following fashion.

‖Lα
ν, µf‖Lq(R+

)
≤ 2

1
p
− 1

q

(
cγ(q)−γ−1

) 1
q

(cβp−β−1)
1
p

‖f‖
Lp(R+

)
. (6.12)

Since the functions of the form of f(x) = xα−ν+1e−
x2

2 k(x), (or, with the

new notation, f(x) = x
2β+1

p e−
x2

2 k(x)), where k is an even polynomial), are
dense in Lp(R+) when p ≤ 2, (see e.g. [AW]), it is enough to prove (6.9) for
these functions.

Then, we use the Hille-Hardy identity to replace Jα(xy) with the product
of an exponential function and the Mehler kernel of order α. Indeed, if we
let x = Ax1, y = B y1, with

A =

√
p+ q

2q
, B =

√
p+ q

2p
,

and we let ω = −p
q , so that

2AB(−ω)
1
2

1− ω
= 1,

we can write

Jα

(
2xy(−ω)

1
2

1− ω

)
= Jα

(
2ABx1y1(−ω)

1
2

1− ω

)
= Jα(x1y1)

= (1− ω)
(
−ω(ABx1y1)2

)α
2 e

ω
1−ω

((Ax1)2+(By1)2)Kα
ω ((Ax1)2, (By1)2)

= 2
(
p+ q

2q

)α+1

(x1y1)αe
− 1

2
(y2

1+ p
q
x2
1)
Kα

ω ((Ax1)2, (By1)2).
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Recalling that f(x) = e−
x2

2 xα−ν+1k(x), where k(x) is an even polynomial,
we gather

Lα
ν, µf(y1) = yµ

1

∫ ∞

0
(x1y1)νJα(x1y1)e−

x2
1
2 xα−ν+1

1 k(x1)dx1

=
(
p+ q

2q

)α+1

yα+ν
1 e−

1
2

y2
1

×
∫ ∞

−∞
|x1|2α+1k(x1)e

− p+q
2q

x2
1Kα

ω ((Ax1)2, (By1)2)dx1.

If we let Ax1 =
√

p+q
2q x1 = x in the integral above, and we let δA−1k(x) =

k(A−1x), we can write

Lα
ν, µf(y1) = yα+ν

1 e−
1
2
y2
1

∫ ∞

−∞
k(A−1x)e−x2

Kα
ω (x2, (By1)2)|x|2α+1dx

= yα+ν+µ
1 e−

1
2
y2
1Tα

ω (δA−1k)(By1), (6.13)

where Tα
ω (ψ)(y) =

∫ ∞

−∞
Kα

ω (x2, y2)ψ(x)|x|2α+1e−x2
dx is as in (6.6).

From (6.12), (6.13) and the fact that α + ν + µ = 2γ + 1, follows that
the inequality

‖Lα
ν, µf‖Lq(R+

)
≤ Cα

ν,p,q||f ||Lp(R+
)

is equivalent to(∫ ∞

−∞

|y1|2γ+1

cγ
e−

q
2
y2
1 |Tα

ω (δA−1k)(By1)|qdy1

) 1
q

≤ pβ+1

qγ+1

(∫ ∞

−∞

|x|2β+1

cβ
e−

p
2
x2 |k(x)|pdx

) 1
p

. (6.14)

We let y1
√
q = y in the first integral and x

√
p = t in the first integral. With

this substitutions, the inequality in (6.14) reduces to

∫
R
|Tα

ω (δA−1k)(q−
1
2By)|q e

− y2

2 |y|2γ+1dy

cγ


1
q

≤

∫
R
|k(p−

1
2 t)|p e

− t2

2 |t|2β+1dt

cβ


1
p
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Since q−
1
2B =

√
p+ q

2qp
= p−

1
2A, we can let ε =

√
p+ q

2qp
, and write

∫
R
|Tα

ω (δA−1k)(εy)|q
e−

y2

2 |y|2γ+1

cγ
dy


1
q

≤

∫
R
|δA−1k(εt)|p

e−
t2

2 |t|2β+1

cβ
dt


1
p

(6.15)

as required.

6.3 Reduction to a discrete operator.

In the next crucial step we will approximate the measures
e−

t2

2 |t|2β+1

cβ
dx

and
e−

y2

2 |y|2γ+1

cγ
dy that appear in (6.15) with sequences of discrete measures

and the generalized Hermite polynomials with homogeneous functions in n
variables. Then we will define a discrete analogue of Tα

ω and we will show
that Lemma 6.1 follows from the establishment of the Lp − Lq mapping
properties of this operator.

In these reductions we will ignore the factor ε that appears in (6.10)
since it can be handled with some extra technicality, and we will replace
δA−1k with k without loss of generality.

Before we state the following Lemma we need some preliminaries. Let δt0
be the Dirac distribution on R with unitary mass at t0. For every positive

integer n we let dν(t) be the Bernoulli trial
1
2

(δ1(t) + δ−1(t)). For every

integer n ≥ 1, we let t = (t1, ..., tn), dνn(t) = dν1(
√
n t1) ... dν1(

√
n tn), and

σ(t) = t1 + ... + tn.
Let ψk, n(t) = k!

∑
1≤m1<···<mk≤n

tm1 · · · tmk
be the elementary symmetric

function in n variables of degree k, and let Xn be the vector space which is
spanned by the functions σ(t)jψk, n(t), with m ∈ N and j ≤ 2m. Note that
there functions are homogeneous of degree k + j.

We prove the following
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Lemma 6.2 Let Tα
ω be defined as in (6.6). If there exists N > 0 which is

such that the inequality(∫
Rn

|g(
√
ω s)|q |σ(s)|2γ+1

(2π)−
1
2 cγ

dνn(s)

) 1
q

≤
(∫

Rn
|g(s)|p |σ(s)|2β+1

(2π)−
1
2 cβ

dνn(s)

) 1
p

(6.16)
is valid for every n > N and for every function g(s) ∈ Xn, then the inequal-
ity

∫
R
|Tα

ω (k)(s)|q e
− s2

2 |s|2γ+1ds

cγ


1
q

≤

∫
R
|k(s)|p e

− s2

2 |s|2β+1ds

cβ


1
p

(6.17)

is valid for every even polynomial k(s).

Proof. By the central limit theorem, the sequence dν(n)(t), the n-fold convo-

lutions of dν(
√
n t) with itself, converges to (2π)−

1
2 e−

t2

2 in the weak topology
of C0(R), and furthermore, the moments of dν(n)(t) will converge to the mo-

ments of e−
t2

2 (2π)−
1
2 . That is,

∫
R
f(t)|t|mdν(n)(t) →

∫
R
f(t)|t|m e−

t2

2

√
2π
dt (6.18)

for every m > −1 and f ∈ C0(R). Thus∫
R
f(t)|t|mdν(n)(t)

∫
Rn

f(t1 + · · ·+ tn)|t1 + · · ·+ tn|mdν1
(
t1
√
n
)
· · · dν1

(
t1
√
n
)

=
∫
Rn

f(σ(t))|σ(t)|mdνn(t) (6.19)

Observe that the integral in (6.19) equals to

∑
f

(
± 1√

n
± ...± 1√

n

) ∣∣∣∣± 1√
n
± ...± 1√

n

∣∣∣∣m ,

where the sum is taken over all possible combinations of n signs, (and thus
the sum has 2n terms).
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From (6.19) follows that

lim
n→∞

∫
Rn

|Tα
ω k(σ(s))|q |σ(s)|2γ+1 dνn(s)

(2π)−
1
2 cγ

=
∫
R
|Tα

ω k(s)|
q e

− s2

2 |s|2γ+1ds

cγ

and

lim
n→∞

∫
Rn

|k(σ(s))|p |σ(s)|2β+1 dνn(s)

(2π)−
1
2 cβ

=
∫
R
|k(s)|p e

− s2

2 |s|2β+1ds

cβ
.

Therefore,

lim
n→∞

(∫
Rn

|Tα
ω k(σ(s))|q |σ(s)|2γ+1 dνn(s)

(2π)−
1
2 cγ

) 1
q

(∫
Rn

|k(σ(s))|p |σ(s)|2β+1 dνn(s)

(2π)−
1
2 cβ

) 1
p

=

∫
R
|Tα

ω k(s)|
q e

− s2

2 |s|2γ+1

cγ
ds


1
q

(∫
R
|k(s)|p |s|

2β+1

cβ
ds

) 1
p

. (6.20)

Recall that k(s) is an even polynomial, and hence a linear combination of
polynomials of the form of Lα

k (s2), where Lα
k is a Laguerre polynomials.

We show that Lα
m

(
σ(s)2

)
can be dνn(s) approximated with a linear com-

bination of homogeneous functions of degree 2m.
We will need the following Lemma, whose proof will be postponed to the

Appendix 3.

Lemma 6.3 For every α≥ −1
2 , m ≥ 0, n ≥ 1, and s =

(
± 1√

n
, · · · , ± 1√

n

)
,

Lα
m(σ2(s)) = Φα

m(s) +
1
n
Rα

m(σ(s)),

where Rα
m(x) is a polynomial of degree ≤ 2m− 2 whose coefficients depend

only on m and α, and Φα
m(s) is a homogeneous function of degree 2m which
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is defined as follows.

Φα
m(s) =


(−1)m

22mm!
ψ2m, n(s) if α = −1

2 ,

2m∑
j=0

ηα
m, jσ(s)jψ2m−j, n(s) if α ≥ −1

2 ,
(6.21)

with

ηα
m, j =

(−1)mΓ(m+ α+ 1)

π
1
2 (2m)!Γ(α+ 1

2)
2j
(

2m
j

)∫ 1

−1

(
1− t2

)α− 1
2 (t− 1)j dt. (6.22)

Furthermore, for every l > −1 and every q ≥ 1,

lim
n→∞

(∫
Rn

∣∣∣Φα
m(s)− Lα

m(σ2(s))
∣∣∣q |σ(s)|2l+1dνn(s)

) 1
q

= 0. (6.23)

Next, we shall define an operator on Xn that approximates Tα
ω . Recall

that

Tα
ω

(
M∑

k=0

ckL
α
k (s2)

)
=

M∑
k=0

ckω
kLα

k

(
s2
)
.

Since Lα
m

(
σ(s)2

)
can be approximated, in the sense of the previous Lemma,

with the Φα
j (s)’s, the natural replacement for Tα

ω is the operator Kω = Kω, n :
Xn → Xn

Kω

(
M∑

k=0

ckφj(s)

)
=

M∑
k=0

cjω
jφj(s),

where the φj ’s are homogeneous generators of Xn of degree 2j. Thus,

Kωφj(s) = ωjφj(s) = φj(s
√
ω), and if we let k(s) =

M∑
k=0

ckL
α
k (s2), and

g(s) =
∑

cjΦα
j (s), we obtain Kωg(s) = g(s

√
ω).

By Lemma 6.3,

lim
n→∞

(∫
Rn
|k(σ(s))− g(s)|p |σ(s)|2β+1

(2π)−
1
2 cβ

dνn(s)

) 1
p

= 0,
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and

lim
n→∞

(∫
Rn
|Tαk(σ(s))−Kω(g)(s)|q |σ(s)|2γ+1

(2π)−
1
2 cγ

dνn(s)

) 1
q

= 0.

Consequently,

lim
n→∞

(∫
Rn

|Kωg(s)|q
|σ(s)|2γ+1dνn(s)

(2π)−
1
2 cγ

) 1
q

(∫
Rn

|g(s)|p |σ(s)|2β+1dνn(s)

(2π)−
1
2 cβ

) 1
p

=

∫
R
|Tα

ω k(s)|
q |s|2γ+1e−

s2

2 ds

cγ


1
q

∫
R
|k(s)|p |s|

2β+1e−
s2

2 ds

cβ


1
p

(6.24)
and if we prove that, for every n > 1, the ratio on the left-hand side of (6.24)
is < 1, then the ratio on the left-hand side of (6.24) is ≤ 1 as well.

Since we have observed that Kωg(s) = g(
√
ω s), we have proved the

Lemma.

6.4 End of the proof of Theorem 1.2

Replacing Tα
ω with Kω is one of the most crucial steps of the proof because it

allows to reduce the proof of the inequality (6.17) to the proof of the discrete
inequality (∫

Rn

∣∣g(s√ω)
∣∣q |σ(s)|2γ+1

(2π)−
1
2 cγ

dνn(s)

) 1
q

≤
(∫

Rn
|g(s)|p |σ(s)|2β+1

(2π)−
1
2 cβ

dνn(s))

) 1
p

, g ∈ Xn, (6.25)

(see (6.16)), when n is sufficiently large. Recall that 1 < p ≤ q < ∞,

−1
q
<

2γ + 1
q

≤ 2β + 1
p

+
1
p′
− 1
q
, cm =

∫
R e−

x2

2 |x|2m+1dx = Γ(m+1)2m+1,

dνn(s) = dν(s
√
n) = dν(x1

√
n) · · · dν(xn

√
n), and σ(s) = x1 + ...+ xn.

When β = γ = −1
2 , q = p′ and ω = ω = p(p′)−1, (6.25) has been

proved by Beckner in [Be]. That is, Beckner proved the following unweighted
inequality:(∫

Rn

∣∣∣g(s√ω )
∣∣∣qdνn(s)

) 1
q

≤
(∫

Rn
|g(s)|pdνn(s))

) 1
p

, g ∈ Xn. (6.26)
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Beckner proved (6.26) for q = p′ with iterated applications of the following
“two-point inequality”.(

|A
√
ω +B|p′ + |A

√
ω −B|p′

2

) 1
p′

≤
( |A+B|p + |A−B|p

2

) 1
p

. (6.27)

The weighted inequality (6.25) cannot be proved in the same manner and
its proof seem quite difficult.

We prove (6.25) for q = p′, ω = ω = p(p′)−1 and
2β + 1
p

=
2γ + 1
p′

. That

will conclude the proof of Theorem 1.2 since this is the case that correspond
to ν = 1

2 and µ = 0.

We argue by induction on n. When n = 1, s = s = ±1, and σ(s) takes
only the values ±1. (6.17) is equivalent to(∫

R
|g(
√
ω s)|p′dνn(s)

) 1
p′
≤ (2π)

1
2
( 1

p
− 1

p′ )(cβ)−
1
p (cγ)

1
p′

(∫
R
|g(s)|pdνn(s)

) 1
p

.

By (6.26) the following inequality holds true:(∫
R
|g(
√
ω s)|p′dνn(s)

) 1
p′
≤
(∫

R
|g(s)|pdνn(s)

) 1
p

.

So, if 1 ≤ (2π)
1
2
( 1

p
− 1

p′ )(cγ)
1
p′ (cβ)−

1
p , or equivalently, if

(cβ)
1
p ≤ (2π)

1
2
( 1

p
− 1

p′ )(cγ)
1
p′ , (6.28)

then (6.17) follows. When 2β+1
p = 2γ+1

p′ , by Hölder’s inequality

c
1
p

β =
(∫

R
e−

x2

2 |x|
2β+1

p dx

) 1
p

≤
(∫

R
e−

x2

2 |x|
p′
p

(2β+1)
dx

) 1
p′
(∫

R
e−

x2

2 dx

) 1
p
− 1

p′
.

Since 2β+1
p = 2γ+1

p′ and
∫
R e−

x2

2 dx = (2π)−
1
2 , then,

c
1
p

β ≤ (2π)
1
2
( 1

p
− 1

p′ )
(∫

R
e−

x2

2 |x|2γ+1dx

) 1
p′

= (2π)
1
2
( 1

p
− 1

p′ )c
1
p′
γ ,
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and (6.28) follows.
We now assume that (6.17) is valid for n ≥ 1 and we prove that the

same is true for n + 1. We let s = (s′, sn+1), with s′ ∈ Rn, and dν1(s) =
dν1(s′)dν1(sn+1). We also let

g̃(s) =

 g(s)
( |σ(s)|
|σ(s′)|

) 2γ+1
p′

if |σ(s′)| 6= 0,

0 if |σ(s′)| = 0

With this notation,(∫
Rn+1

∣∣∣g(√ω s)∣∣∣p′ |σ(s)|2γ+1

cγ
dν1(s))

) 1
p′

=

(∫
Rn

(∫
R

∣∣∣g̃(√ω s)∣∣∣p′dν1(sn+1)
) |σ(s′)|2γ+1

cγ
dν1(s′))

) 1
p′

=

(∫
Rn

(∫
R

∣∣∣g̃(√ω s′,√ω sn+1)
∣∣∣p′dν1(sn+1)

) |σ(s′)|2γ+1

cγ
dν1(s′))

) 1
p′

,

and by (6.26),

≤
(∫

Rn

(∫
R

∣∣∣g̃(√ω s′, sn+1)
∣∣∣pdν1(sn+1)

) p
p′ |σ(s′)|2γ+1

cγ
dν1(s′))

) 1
p′

.

We recall the following convexity type inequality,(∫
S

(∫
T
|f(s, t)|pµ(dt)

) q
p

ν(ds)

) 1
q

≤
(∫

T

(∫
S
|f(s, t)|qν(ds)

) p
q

µ(dt)

) 1
p

(6.29)

which holds for every positive measure spaces (S, S, ν), (T, T , µ), every
measurable function f(s, t) and every 0 < p ≤ q < ∞. By (6.29) and our
initial assumptions,(∫

Rn+1

∣∣∣g(√ω s)∣∣∣p′ |σ(s)|2γ+1

cγ
dν1(s))

) 1
p

≤

∫
R

(∫
Rn

∣∣∣g̃(√ω s′, sn+1)
∣∣∣p′ |σ(s′)|2γ+1

cγ
dν1(s′)

) p
p′

dν1(sn+1)


1
p

,
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≤
(∫

R

∫
Rn
|g̃(s)|p |σ(s′)|2β+1

cβ
dν1(s′)dν1(sn+1)

) 1
p

,

and since g̃(s) = g(s)
(
|σ(s)|
|σ(s′)|

) 2β+1
p and dν1(s′)dν1(sn+1) = dν1(s), we obtain

(6.25) in the special case q = p′, ω = ω = p(p′)−1 and
2β + 1
p

=
2γ + 1
p′

.

The proof of Theorem 1.2 is thus concluded.

Appendix 1. A few counterexamples

We are left to show that range of value of ν in (4.2) is optimal.

• ν ≤ 1
2

is necessary. We recall the identity∫ 1

0
(xy)

1
2Jα(xy)xα+ 1

2 (1− x2)sdx = 2sΓ(s+ 1)y−s− 1
2Jα+s+1(y) (6.1)

which is valid for every s > −1. See [EMOT].

Take ν = 1
2 + 2ε, with ε > 0, and s = −1

p + ε, so that

f(x) = xα+1−2ε(1− x2)−
1
p
+ε
χ(0,1), where χ(a, b)(t) is the characteristic

function of (a, b), is in Lp(0, 1). Then,

Lα
ν, µf(y) = yµ

∫ 1

0
(xy)

1
2
+εJα(xy)xα+ 1

2
−2ε(1− x2)−

1
p
+ε
dx

= yµ+2ε
∫ 1

0
(xy)

1
2Jα(xy)xα+ 1

2 (1− x2)−
1
p
+ε
dx

= y
µ+ε+ 1

p
− 1

2 2−
1
p
+εΓ(1− 1

p
+ ε)Jα+ 1

p′+ε(y).

Recalling that µ = 1
p′ −

1
q and that Jα+ 1

p′+ε(y) = O(y−
1
2 ) when y ∼ ∞,

we can see at once that Lα
ν, µf(y) ∼ y

− 1
q
+ε when y ∼ ∞, and hence

does not belong to Lq(R+).

• ν > −α− 1
p′ is necessary. We now let ν = −α− 1

p′ − ε, with ε > 0. We

let F (x) = x
1+ 1

p′+ε+2α(1− x2)−
1
p
+ε
χ(0, 1)(x). By the identity (6.1),

Lα
ν, µF (y) = yν− 1

2
+µ
∫ 1

0
(xy)

1
2x(ν− 1

2)+1+ 1
p′+ε+2α(1− t2)−

1
p
+ε
Jα(xt)dt
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= y
−α− 1

p′−ε− 1
2
+µ
∫ 1

0
(xy)

1
2xα+ 1

2 (1− x2)−
1
p
+ε
Jα(xt)dt

= 2−
1
p
+εΓ(1− 1

p
+ ε)y−α− 1

q
−ε− 1

2Jα+ 1
p′+ε(y)

Recalling that Jα+ 1
p′+ε(y) = O(yα+ 1

p′+ε) when y ∼ 0, we can see at

once that Lα
ν, µF (y) ∼ y

−ε− 1
q , and hence is not in Lq(R+).

Appendix 2. Proof of Proposition 2.1

It is easy to see that Gaussian functions attain the equality in (2.10). By
(2.2), the Fourier-Bessel transform of order α = n

2 − 1 is a constant mul-
tiple of the restriction of the Fourier transform to radial functions of Rn.
Consequently,

‖H̃n
2
−1f‖Lp′ (R+

, rn−1dr)
= (2π)−

n
2 |Sn−1|

1
p′

(∫ ∞

0
|f̂(r)|p′rn−1dr

) 1
p′

=
Γ
(

n
2

) 1
p′

(2π)
n
2 2

1
p′ π

n
2p′

(∫
Rn

|f̂(|x|)|p′dx
) 1

p′
. (6.2)

Furthermore,

||f ||
Lp(R+

, rn−1dr)
=

Γ
(

n
2

) 1
p

2
1
pπ

n
2p

(∫
Rn

|f(|x|)|pdx
) 1

p

, (6.3)

and from (6.3) and (6.2) and the Theorems of Beckner and Lieb follows that

||H̃n
2
−1f ||Lp′ (R+

, rn−1dr)

||f ||
Lp(R+

, rn−1dr)

=
2

1
p
− 1

p′ π
n
2p
− n

2p′

(2π)
n
2

Γ
(
n

2

) 1
p′−

1
p

(∫
Rn |f̂(x)|p′dx

) 1
p′(∫

Rn |f(x)|pdx
) 1

p

≤ 2
1
p
− 1

p′ π
n
2p
− n

2p′

(2π)
n
2

Γ
(
n

2

) 1
p′−

1
p

(2π)
n
p′ (p

1
p (p′)−

1
p′ )n.

= Γ
(
n

2

) 1
p′−

1
p p

n
2p

(p′)
n

2p′
2

(n−2)(2−p′)
2p′

as required.
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Appendix 3. Proof of Lemma 6.3

Let Hm(x) be the classical Hermite polynomial of degree m. Beckner proved
in [Be] that the functions Hm(σ(s)) can be dνn(s)-approximated by sym-
metric functions. That is, for every s =

(
± 1√

n
, · · · , ± 1√

n

)
,

Hm(σ(s)) = ψm, n(s) +
1
n

[m
2

]∑
r=1

am,rHm−2r(σ(s)) (6.4)

where σ(s) = x1 + ...+ xn, and the am,r are bounded with respect to n for

a fixed m. We recall that L
− 1

2
m (ζ2) =

(−1)m

22mm!
H2m(ζ). When α > −1

2 , the
following identity holds

Lα
m

(
ζ2
)

=
(−1)m

√
πΓ(α+ 1

2)
Γ(m+ α+ 1)

(2m)!

∫ 1

−1
(1− t2)α− 1

2H2m(ζt) dt, (6.5)

(see e.g. [Sz]).
We prove the Lemma for α > −1

2 , since the proof is quite similar in the
other case. The derivatives of Hk satisfy the following identity:

dj

djζ
Hk(ζ) = 2jj!

(
k

j

)
Hk−j(ζ), j ≤ k.

By Taylor’s formula

Hk(ζt) =
k∑

j=0

(2ζ)j(t− 1)j
(
k

j

)
Hk−j(ζ),

and by (6.5),

Lα
m

(
ζ2

2

)

= cm, α

2m∑
j=0

(2ζ)j
(

2m
j

)
H2m−j(ζ)

∫ 1

−1
(1− t2)α− 1

2 (t− 1)j dt, (6.6)

where we lave let cm, α be the constant on the right-hand side of (6.5). By
(6.6) and (6.4) the conclusion follows.
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To prove (6.23) we recall that the moments of dνn(s) converge to the

moments of
e−

x2

2

√
2π

dx in the weak topology of C0(R); thus,

lim
n→∞

∫
Rn

|Rα
m(σ(s))|q|σ(s)|2l+1dνn(s) =

∫
R
|Rα

m(x)|q|x|2l+1 e
−x2

2

√
2π

dx <∞

and lim
n→∞

1
nq

∫
Rn

|Rα
m(σ(s))|q|σ(s)|2l+1dνn(s) = 0.

References

[AW] R. Askey, S. Wainger, Mean convergence of expansions in Laguerre
and Hermite series, Am. J. Math. 87 (1965) 695-708.

[Be] W. Beckner, Inequalities in Fourier analysis, Annals of Math. 102
(1975), 159-182.

[CCTV] L. Colzani, A. Crespi, G. Travaglini, M. Vignati, Equiconvergence
theorems for Fourier-Bessel expansions with applications to the harmonic
analysis of radial functions in euclidean and noneuclidean spaces, Trans.
of the Am. Math. Soc., (1), 338, (1975), 43-55.

[EMOT] A. Erdelyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Tables
of integral transforms, Vol. 2, McGraw-Hill book company, inc. (1954).

[H] H. Hankel, Die Fourier’schen reihen und integrale der cylinderfunctio-
nen , Math. Annalen, 8, (1875).

[L] E. H. Lieb, Gausian kernels have only Gaussian maximizers, Invent.
Math. 102 (1990), 179-208.

[MZ] J. Marcinkiewicz, A. Zygmund, Quelques inégalités pour les opérations
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