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Abstract

We investigate the LP(R™) — L9(R ") mapping properties of the oper-
ator

L f () = o / (@y) f@)Ta(en)dz,  f € C5°(0, +oo),

for suitable values of the parameters, and we evaluate the operator

norm of Ly , in some special and significant cases.

1 Introduction

We consider the following class of operators,
t= {5, 0) = v [ @) @l aley)de, feCRO. 400} (L)

where J,(r) denotes the usual Bessel function of the first kind, o > —% and
v and p are real parameters.

In this paper we investigate the LP(R™") — L4(R™) mapping properties
of these operators for exponents 1 < p, ¢ < oc.

We will consider real-valued LP spaces, since a general theorem of J.
Marcinkiewicz and A. Zygmund about vector-valued linear operators, (see
[MZ]), implies that a bounded linear operator that maps a real-valued L”
space into a real valued LY space also maps the complex valued version of
the same spaces into themselves with the same norm.

The main results of this paper are the following:

1
Theorem 1.1 Lj , is bounded from LP(RT) to LYR™) whenever a > —3
and
a) 1 <p<q<yp, andif and only if
1 1

1
p=——= and —a— - <v<
p q p

, (1.2)
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b) 1<p<p' <qp=—-—-,and —a—— <v<
b q p
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To prove this Theorem we will use Proposition 3.1 and an interpolation
argument of Stein and Weiss. In Appendix 1 we provide examples that
show that the bounds for v in (1.2) are best possible.

Theorem 1.2 The following inequality holds for every 1 <p <2, o > —%
and f € C°(RT)

, 1
L p%(a+%+%) r ((a + %)% + %> P
S 2p 2 T (1.3)
A% o) T+ HE+ 1)

The constant on the right-hand side of (1.3) is best possible. The equality in
(1.3) is attained by the functions fs(x) = zoTze=57 5> 0.

HLO%[70fHLp’(R+)

LS referred to Hankel transform in the literature, (see Section 2).

The proof of Theorem 1.2 is a generalization of Beckner’s celebrated
proof in [Be], and will be performed with a series of steps, some of them
crucial, some of them of technical nature. We will write these steps in the
form of Lemmas, and, in the process, we will highlight the applications of
these Lemmas to other problems in Analysis, the hypercontractivity of the
Laguerre semigroup being one of the most significant issues.

Acknowledgements. We wish to thank W. Urbina for providing insights
at a crucial stage of this project.

2 The Hankel transforms

Our interest in the class £ was originally motivated by the Fourier transform
and the Hankel transform.
The Fourier transform f(¢) = e~ @Gt tenta) £(2) da is well de-

fined when f € C§°(R"), and can be extended to a bounded linear operator
from LP(R") to LY(R"™) if and only if 1 < p < 2 and ¢ = p/, (see e.g. [T]).
Furthermore,

n
7

1l ey < @07 (567 ) Sy £ €CFRY. (21)



The constant on the right-hand side of (2.1) is best possible, as W. Beckner
proved in a celebrated paper [Be].

The Gaussian functions fy(z) = e *@+-+270) with s > 0, attain the
equality in (2.1). E. Lieb proved in [L] that the f; are the only function
for which the equality is attained. Since the Fourier transform of a radial
function is radial, we can state the following important observation: the
Fourier transform has the same LP(R™) — L' (R™) norm of its restriction
to the radial functions of LP(R™).

The restriction of the Fourier transform to the space of radial functions
can be rewritten as a constant multiple of an operator of the class £. In fact
the Fourier transform of f(|z|) is

) W mag [T a
FUleh = @mEE 5 [ Fmrt gl ar

n

n +oo n n_ n_1]
= (277)5!(\7”“/0 Fr)(IClry> Ty a(r(c) dr = 2m)2 L - F(IC])- (2:2)

Following [CCTV], we will refer to L§,; 5, 1, @ > —1, as to the Fourier-
Bessel transform of order «, even though this operator, which H. Hankel
introduced in 1875, (see [H]), is sometimes referred to as Hankel transform
in the literature. We let
~ +oo
Hof(x) = Losy, —sa1f(@) = [ fO)(at) “alzt)>*Hdt.  (2.3)

From (2.2) follows that

FUC) = @m)2Ha 1 f(C),  fe€CPRT), (eR™

The Fourier-Bessel transform of order « shares a lot of properties with the
Fourier transform. H. Hankel proved the following inversion formula,

Ho (Haf) (@) = f(x).  f€CF(0, +0). (2.4)

A short and elegant proof of (2.4) is in [CCTV]. It is easy to prove that
the Fourier-Bessel transform extends to an isometry on L*(R7T, x?tldy).
Moreover, |Hqf(2)] Sb‘leHLl(R+, f201,47)’ where

bo = sup |t”%Ja(t)]. By Riesz interpolation theorem, the Fourier Bessel
teR*



transform extends to a bounded linear operator from LP(R™, t?**1dt) to
LY (R, t2t1dt), and

|’Ho‘f”LP/(R+, t2a+1t) < bi_ﬁ- (25)

||f”Lp(R+7 t2a+1dt)

Note that the LP(R*, t20+1dt) — LF' (R, 22+1dt) norm of H, is the same
as the LP(R*) — L” (R1) norm of LSay1_, o- Indeed, if we let
pl )

F(t) = tm%lf(t), and we observe that F(t) € LP(R™) if and only if f(t) €
LP(RYF, t?*%14t), using (2.3) we can see that

”ﬁaf”Lp/(R‘*" t2at1dy) HL%%—OQ 0F||L”,(R+) (2.6)
”F||LP(R+)

||f”Lp(R+7 t20‘+1dt)

LO[

1
2,0
operator with remarkable properties. We will let

is the so-called Hankel transform of order «. This is a well studied

—+00

Haf () = L3 of (0) = [ F0(wt) Ju(at) . 27)

0

The Hankel transform shares many properties with the Fourier transform
as well. The following inversion formula for the Hankel transform is proved
e.g. in [EMOT]

Ha (Haf) () = f(x), [ €C5o(0, +00). (2.8)

From (2.8) follows that the Hankel transform extends to an isometry on

L?(R™). Moreover, [Hq f(x)| < CO‘Hf”Ll(Rﬂ’ where ¢, =  sup |t%Ja(t)|.
te(0, +o00)
By the M. Riesz convexity theorem, the Hankel transform extends to a

bounded linear operator from LP(R*) to L (R™) for every 1 < p < 2, and

[Hofll, m+ 1-2
e R e ”. (2.9)

||f”Lp(R+)

In Section 6 we will evaluate the LP(R¥) — LP (R*) norm of this oper-
ator. This is one of the main results of this paper, (see Theorem 1.2).



Unfortunately the techniques that we used to compute the LP(R') —
L (RT) norm of the Hankel transform cannot be used to compute the
LP(R*, t2211dt) to L (R, t2**1dt) norm of the Fourier Bessel transform
for arbitrary values of the exponent . When a = § — 1, where n is a
positive integer, the norm of the Fourier Bessel transform can be computed
with the aid of the Theorems of Beckner and Lieb.

The following Proposition will be proved in Appendix 2.

Proposition 2.1 The following inequality holds for every 1 <p <2, n>1
and f € Cg°(R").

1Ho 1 fll, RF e 4-1 n_y(1_1
s/l R, 1dr)§r(n)p REANG (7 ) (2.10)

Hf‘|LP(R+,r"—1dr) 2 (p/) 2
The constant in (2.10) is best possible and coincide with the LP(RT) —
L (RT) operator norm of L2, The equality in (2.10) is attained

—1 .
1-5+555,0

by the functions fs(x) = e 5> 0.

3 An easy L? — L? inequality.

In this section we show that L7, can be viewed as a convolution operator,
and we estimate its operator norm using Young inequality for convolution.

Proposition 3.1 L7 , is bounded from LP(RT) to LYRT) whenever

QZPZL@>_1

5, and v and i satisfy

1 1 1 1 1
p=—=——, and —a——<v<g-— . (3.1)
J p 2. p
For these values of the parameters,

y_1

128wl gy < 183 all e 1y (32)
1 1 1
where — =14 - — —.
r q p

1 1
Proof. Observe, first of all, that homogeneity considerations force y = ———.
p



L7, can be viewed as a convolution operator with respect to d?x, the
Haar measure on R*. Recall that the convolution of f and g with respect
to the measure do is fxg(x) = /Oof(t)g(xt)cit.

More s.peciﬁcglly7 ‘

L8 W0 w) = 9" [ @) (o) Ju(oy)da

o0 1 l
=y [ (@) a¥ @ f@)aan) T
_1 [ vl 1 dz L/ L
— 7 [Ta) @) daon) = o (58 5(a) 6 Ta(0)) ).
. 1 1. 1 v+ L
Since p — — = ——, if we let F'(x) = x7 f(x) and G(x) = 2 "¢ Jo(z), we
p q

1

can conclude that L ,f(y) = y ¢ (F'xG)(y). Therefore, the inequality
HLS:NJCHLLJ(RU < CHfHLP(R*) is equivalent to
HF*G|‘L4(R+, gz < C||F| |LP(R+, gz By Young’s inequality for convolution,

1F Gl gt sz < PNyt am) 1G] e
provided that
dx

1 1 1 vl
14+ - =+~ and G(z) = 2" ¥ Ju(x) € L"(RT, =).
q p T x

1 1 1 1_1

Since |77 Ju(x)| = OV Y asz — 0, and |27V Ju(2)] = OV 7?)
1

as £ — oo, we can see that 2”7 ¥ Jo(z) € L"(RT, %), (or equivalently,

x”_%Ja(:c) € L"(R")), if and only if

1 1 1
atv+—>0 and v+ — 5 <0,
P P2

or —a—z%<1/<%—[%, as in (3.1).
Remark 1. Note that (3.1) forces a > —3.

Remark 2. The operator L . is bounded from L'(R™") to LL>°(R™).
2’

Indeed,

-1

L4 f@) =y [ @) ey fa)de =y Haf ()
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is in L1 (R™) because He f(y) is bounded whenever f € L'(R™), and
HLE’ _lf“Ll,oo(R+) < HHafHLoo(R+) < COéHfHL1(R+)7 (33)

where ¢, =  sup \t%Ja(t)\.
te(0, +00)

4 Open problems and conjectures.

Proposition 3.1 is not optimal in many respects. First of all, the range of
values for v and « in (3.1) is not optimal, since it does not include v = %
(as in the Hankel transform!) and o = —%. Also, the inequality (3.2) is not
sharp.

The problem of evaluating the L — LY operator norm of Ly |, for general
values of the parameter seems to be very difficult. At the moment we can

only evaluate it when ¢ = p/, a > —% and v = %, (Theorem 1.2), and when

n n n-—1
q:p’,a:5—1,Wheren22isaninteger,andy:1—5 ;
p

)

(Proposition 2.1)

The theorem of E. Lieb implies that the Gaussian functions are the only
maximizers for operator norm of the Fourier-Bessel transform when a =

5 — 1. We conjecture that this is true in general, that is, that the Gaussian

1 f (B sy

functions are the only maximizers of the ratio ——= for every
‘fHLP(RJr,r"—ldT)

a > —1. If that is the case, then the LP(R*, r20*ldr) — LV (RT, r22F1dr)

norm of the Hankel transform is

||Haf||Lp/(R+,7'2a+1dr) HLOQ%—O“ O(F)HLp/(RJr)
= sup

sup

Hf‘|Lp(R+,T2a+ldr) |’FHLI’(R+)

1
= —

E— a _atl
:2a<p, p)p#(p/) ' P(a+1)P

1
8 (4.1)
More in general, we conjecture the following:
Conjecture 1. The LP — L9 norm of Ly , is finite of o > —%,
1<p<qg<oo, and if and only if v and v are such that
1 1 1 1
=—_Z d —a——<v< =, 4.2
i 7 an a Y V< (4.2)



For these values of the parameters,

TR
P = O 3)
r(R™)
where we have let
1
1 ppHa DT <Oé+g+u g+ %) a
cy =27 . (4.4)
v,p;q %(OH_V_;'_L/) o 1 1

Conjecture 2. The functions fs(z) = et plvta

mazximizers of the ratio in (4.3).

, s > 0, are the only

Both conjectures hold true in special and significant cases, (see Proposi-
tion 2.1 and Theorem 1.2). We have proved in Appendix 1 that the bounds
for v are optimal.

HLIOIC,/J,fHLq(RJ") > oo

Proving that v,p,q

is easy. The functions fs(x) de-

|’fHLp(R+)

fined above are in LP(R™) because, by (4.2) and the fact that o > —1,
1 1

l—v+4+a > 3 4+ a > 0 > —=. A change of variables shows that the

HLS,,U,(fS)”Lq(R"')

ratio is independent of s. When s = 3, Ly (fu)ly) =
’ 2

LAY
y“/ e T Jo(zy)z®dz can be explicitly computed, (see e.g. [EMOT],
0

2

pg. 29, n. 10), and is y*™#e¢~'T. Thus, by the well known identity

14+m

o0 1
/0 o5 gy = 2 22 I‘( J;m> m> —1, (4.5)

follows that 5
Y

HL37 u(fs) ”Lq(R+) B Hqura+,u€—7 HLq(RJr)

_ IQ
Ilomey oo, gy



Q|

(foooy(quaJr,u)qe— % )

5. Proof of Theorem 1.1

The proof of Theorem 1.1 relies on a Theorem on interpolation of operators
with change of measure proved by E. Stein and G. Weiss in [SW].

Let (M, M,da) and (N, N, du) be measure spaces. Let T be a sublinear
operator mapping a class of functions on M into a class of functions on N.

Let dB; i = 0, 1 be measures on M, and let da; @ = 0, 1 be measures on
N. We let 8 = By + 31, « = ag + a1. By Radon-Nikodim theorem there
exist functions h;(x) on M and k;(y) on N which are such that, for every
d3;-measurable subset of M and every do; measurable subset of NV,

5(B) = [ m)ds(), ai(F) = [ ki(a)data).
For every r, s € [0,1] we can define the following measures on M and N’
B(E) = [ Wb (@), ar(F) = [ Kk (@)data).
E F

So, if we let §; = y™dy and «; = z"idx for some m;, n; € R, we gather

ﬁs _ ysml—&-(l—s)mody7 ay = xrnl—i—(l—r)nodx.

Let 1 <pg#p1 <o0,1<qyp#q <oo. For every t € (0,1), we consider
the exponents ¢; and p; that satisfy the following relation.

1 t 1—1¢ 1 t 1—-t
—=—+ , and —=—+ .
bt D1 Po a  q1 q0
t t
We also let s(t) = ﬁ, (so that 1 —s(t) = (1 — t)ﬂ) and r(t) = Pt With
Q1 40 b1

this position

qt (t’;—lhr(l—t)m

a0 )dy, and Q) = :L‘pt (t%+(1—t)%>d

Bst) = Y .

The main theorem in [SW] can be stated as follows.



Theorem 5.1 Let T be a sublinear operator satisfying

T f|Les (vag) < Kill fllLai (v,das)

(or [|T f||prieo(ar,a8,) < Kill fll Lo (V,das) )s for every f € LP(M, M, dp;) and
i =0, 1,. Then T is defined also in LP(M,dBq)) for everyt € (0,1), and

T fllLeadpy o) < Eell fllLa(vday)-

where Ky is independent of f.

To prove Theorem 1.1 we argue as follows: When ¢ < p/ and v = %, we
let

TF(y) = /0 Y Fla)Ju(ay)de, F e CP(R),

Then

L3 0w =9+ [T ad @) Taay)ds =y T ().
2 0

If we let df = yq(‘”%)dy, do = 2~ %dx and F(z) = x%f(x), we can see at
once that the inequality
Hjj‘FWHLq(]E{‘F7 dg) S C'H‘Fj”Lp(]_?{+7 da)’

(resp. HTF||Lq’OO(R+7 45) < C”F||Lp(R+, da)), is equivalent to

(resp. HLg,uf‘|Lq,oo(R+) < CHfHLp(R+))
When ¢ = p’ we are in the case of the Hankel transform, so we assume

1 1
g < p'. The point (%, %) is above the duality line — =1 — —. We apply the
q p
Theorem of Stein and Weiss with p; = ¢; = 1 and ¢gp = p{, that satisfy
11—t

11—t
+t, S =
p Po q Po

+1

for some ¢ € (0,1). The point (pio, pl—,) is the intersection of the line in
0

[0,1] x [0,1] that joins the points (l ) and (1, 1), and the duality line.

1
P’ q

10



We gather

t:f—l,, po=1+-. (5.1)
qQ p p
By (3.3)
12§ 1 Fllppe ey < callflla gy

and by (4.1)

15 o/l gy < O pogt 1
Therefore,

ITFl e e sy < IR ao
and

T Fl o e ey S O3 st F o R

where we have let

dp, = yiédy, dfBy = y%ody, day = xiéda:, dog = x5 dx.
We can apply the theorem of Stein and Weiss and conclude that

ITF] L, < G||F| (5:2)

q R+7dﬁs Lp R da (t))

where C; does not depend on f. By the definitions of dfyy), day.) and (5.1),

I C]
dfs(r) = yq< P )dy = yr(z+n)ay

and
t_ (—t)pg

dagy = m_p(_Z 2P0 )da: = x*gdx,

and so (5.2) is equivalent to
1ES Ay < CollFl gty (53)
as required.

1 1 1
To prove the Theorem for ¢ < p’ and 3 o <v< 5 we let v = % — €,
p

1
with 0 < € < —. We use the identity (6.1) in the Appendix 1 and the in-
P

version formula for the Hankel transform to conclude that (xy)ﬁfEJa(a:y) =

11



Ha—ce(xy), where we have let 1) (t) = 21_6F(6)_1X(071)(2€)(1 —tg)e_lto‘_e‘%.
With this position

L2, f(y) = o" / T (@) Ho—ctbe(zy)dz = 4 / o2 Ha—e f(2y)dz

— /OO we(z)Li_;we(zy)dz.
0 2

Thus, by (5.3),

||Lg,uf||Lq(R+) S/0 1/}6(2)”[1%;671}6(2-)||Lq(R+)dz

> 1
<Cllfllmey || = vl

1

! a—eti—
= 27T Gl [ (=) e,

The integral is finite because « > —%, and

1 1 1 1 1
a—€tz——>—€—->-———=>-1

2 q q Poq
since we have assumed p < ¢ < p/. This concludes the proof of part a) of
the Theorem 1.1.

To prove part b) we /obser\//e that the adjoint of Ly , is Ly, _,.

q >p', by part a) the L? — L” norm of Ly, _, is finite is v + p < %, that
is, v < 1 — 1 1 By duality, the LP — L9 norm of Ly, is finite as well.
This concludes the proof of Theorem 1.1.

Since

6. Proof of Theorem 1.2

The proof of Theorem 1.2 is a generalization of Beckner’s celebrated proof
in [Be], and will be performed with a series of steps which are important
in their own because of the connection with other problems in Analysis,
the hypercontractivity of the Laguerre semigroup being one of the most
significant issues.

12



6.1 Preliminaries

In this section we collect together a few preliminary facts concerning the
Laguerre polynomials and we state our main Theorem. We refer to [Sz] or
to [Th] for details.

Fora>—-1,z>0and k=0, 1, 2,---, the Laguerre polynomials of type
« are defined by the formula

_1d
k! dxk

Each L{ is a polynomial of degree k. The Laguerre polynomials satisfy the
following orthogonality relations,

e “z*L§(x) (e Tghtay, (6.1)

0, if k # 7,

+0o0
/J L%(m)L?‘(m)e—l‘xada: =\ Tk+a+1) - (6.2)
Tk+1) = 7%

A change of variables shows that the orthogonality relation (6.2) can be
rewritten as

0, if k # j,
+o0o

Ly (2?) L8 (a?)e " a2 dz = Dk +a+1) (6.3)
—o0 ——— if k=j.
IN'k+1)
The polynomials L (%) are a constant multiple of the so-called Generalized
Hermite polynomials of order o + % and even degree. See [Ro].
We shall use the following important identity, often called the Hille-
Hardy identity, which is valid for real or complex w’s such that |w| < 1 and

for z, y € R.

Ko(a2, o) = o~ L(k+1) L2 LA (v wF
=(1- w)—l(l,y)—a(_w)—%e*ﬁ(x2+y2)t]a <2xf(__(;))2> . (6.4)

K&(x2, y?) is the Mehler kernel of order . By (6.3),

o0
| KSGE ALY e de = H IR0 (65)
—00

13



In what follows we will let
* 2 42 200+1 2
= [TRe@, @l te (6.6)
— 00

where |w| < 1 is a complex parameter. This is, up to a constant of normal-
ization and change of variables, the Laguerre semigroup. See e.g. [Th].

6.2 Hypercontractivity of the Laguerre semigroup

The Hille-Hardy identity allows us to replace the Bessel function in L7 ,
with the Mehler kernel, and to establish a connection between the LP — L4
mapping properties of these operators and the hypercontractivity of the
Laguerre semigroup. We prove the following

Lemma 6.1 Let 1 <p < q < oo, a>—7, and p and v such that
1 1 1 1
p=———=, and —a— - <v<g, 6.7
P oq Y 2’ (6.1)
(see(4.2)). We let
gla+v+p)=2yv+1, (a—v+1p=25+1, (6.8)

and ¢ = 2™ (m 4+ 1) = /Re 2™ dy. Let C%) . be defined as in

vip,q
(4-4)-
The inequality

”Lg,,ufHLq(R'*‘) < Cﬁip,q”fHLp(R'*‘) (69)

is valid for every f € C*(R™T) if and only if the inequality

. £y dy Lo |
(/R\Tm)(yn . ) (/ws . ) (6.10)

p+q 1

where € = | ——, is valid for every even polynomial k and for w = —pq™".

Remark. Note that in the case of the Fourier Bessel transform v = 221 o

and 4 = 0, and so 264+ 1 = 2y+ 1 = 2a + 1. In the case of the Hankel

14



transform, v = % and 4 = 0, and 2’3%1 = %. Observe also that the

assumptions on p and v in (6.7) imply

1 2 1 2 1
Lomrl Wl
q q p

(6.11)

Proof. 1t is convenient to use the new notation and rewrite (6.9) in the
following fashion.

Q=

11 (cy(q) 77
LS <2 g : 6.12
H v#fHL‘I(R+) (cﬁp_ﬁ_l)% ”f”Lp(R+) ( )

12
Since the functions of the form of f(x) = 2z **le™ 2 k(z), (or, with the
28+1 22
new notation, f(z) =z » e 2 k(x)), where k is an even polynomial), are

dense in LP(R™) when p < 2, (see e.g. [AW]), it is enough to prove (6.9) for
these functions.

Then, we use the Hille-Hardy identity to replace J, (xy) with the product
of an exponential function and the Mehler kernel of order «. Indeed, if we
let x = Az, y = By, with

A [PT4 p_ [pta
2q 2p
and we let W = —g, so that
2AB(-w)? 1
l-w 7

we can write

15



22
Recalling that f(z) = e~ 2 2% “*1k(x), where k(x) is an even polynomial,
we gather

2
x
TI:E‘ff"Jrlk:(xl)dxl

Le  fy) = /0 (191) Ja(z1y1)e

a+1

/ (1[0 ()~ 2 T KE((Ax1)?, (Byr)2)dan.

If we let Azq = /p;rqxl = z in the integral above, and we let §4-1k(x) =

k(A~1z), we can write

L W) = ™ [ hAT e Ke @2, (Byn)?) ol o
= O eV T (5,1 k) (Byy), (6.13)
where T (¢ / K2 (22, y?)(z)|z2* e dz is as in (6.6).

From (6. 12) (6.13) and the fact that o + v + p = 2y + 1, follows that
the inequality
L0l pamety < Copa Fll Lomety
is equivalent to

1

00 2v+1 !
( / wlle%y?rTwAlkaynqdw)

—c0  Cy

G+1 00 28+1 P
< py+1 </ ’x'e_ng]k(m)]pd:c> . (6.14)
q —o0

s
We let y1,/q = y in the first integral and x,/p = t in the first integral. With
this substitutions, the inequality in (6.14) reduces to

1
o 1 W”“dy / !t!”“dt
(/R IT2(6 4-1k) (g2 By)[9= e |k(p~ s

16



p+q
2qp

pP+q
2qp

2
- 12v+1
( A T5<6A-1k><ey>|q“'y‘dy)

Cy

1 1
Since ¢ 2B = =p 2A, we can let € = , and write

Q=

1
eié ’t’26+1 P
< /RldAflk(et)\pidt (6.15)

cp

as required.

6.3 Reduction to a discrete operator.

t2
e~ 7 [t|28H

In the next crucial step we will approximate the measures dx

s
2
- 12v+1
2
g &7l
C

an dy that appear in (6.15) with sequences of discrete measures

and the generalized Hermite polynomials with homogeneous functions in n
variables. Then we will define a discrete analogue of TS and we will show
that Lemma 6.1 follows from the establishment of the LP? — L? mapping
properties of this operator.

In these reductions we will ignore the factor ¢ that appears in (6.10)
since it can be handled with some extra technicality, and we will replace
0 4-1k with k without loss of generality.

Before we state the following Lemma we need some preliminaries. Let dy,
be the Dirac distribution on R with unitary mass at ty3. For every positive

1
integer n we let dv(t) be the Bernoulli trial B (01(t) +9_1(t)). For every

integer n > 1, we let ¢ = (t1, ..., t), dvy(t) = dvi(y/nty) ...dvi(v/nty), and
ot)=t1+ ... + tn.
Let g, n(f) = k! Z tm, -~ tm, be the elementary symmetric

1<mi<---<mp<n
function in n variables of degree k, and let Xy, be the vector space which is

spanned by the functions o(#)7t (), with m € N and j < 2m. Note that
there functions are homogeneous of degree k + j.
We prove the following

17



Lemma 6.2 Let TS be defined as in (6.6). If there exists N > 0 which is
such that the inequality

Sople@E ) Gplr @ )i
</ S T=E >> - </ TS P
(6.16)

is valid for everyn > N and for every function g(3) € Xy, then the inequal-
1ty

o g€ Z|s[Fds ||2V+1d5 ]s\zﬂ“ds z
(/R!Tw(k)(S)\ - ) (/ k(s) ) (617)

is valid for every even polynomial k(s).

Proof. By the central limit theorem, the sequence dv(™ (t), the n-fold convo-

lutions of dv(y/n t) with itself, converges to (271’)_%6_% in the weak topology
of C°(R), and furthermore, the moments of dv(™ (t) will converge to the mo-

2
ments of 6_%(271')_%. That is,

m V(n) N m 67% .
Jo SOl ar ) = [ (6.18)
for every m > —1 and f € C°(R). Thus
S T
/ F(t et | (B13/R) vy (B1y/m)
Rnf(a(f))la(f)lmdvn(f) (6.19)

Observe that the integral in (6.19) equals to

Zf(:tlj: :t1>‘j:1:t iim
where the sum is taken over all possible combinations of n signs, (and thus
the sum has 2" terms).

18



From (6.19) follows that

- 2v+1
Jin [ TSR @) o) d”"f = [ 1TskGs) M
and
28+1
i o Ko@) lo@ P~ [ i) " i
n=so JR (2m) 2es
Therefore,

(o (N o 2+1d’/n()
(/Rn eI o) )

k(o(3)|P |o(3))?P ! dyn(?) >
(/ Ho@P @ R
( ‘ ‘27—1-1 )‘7
/yT% D
p|5|2ﬂ+1 v .
(/R|k(s)\ Cﬁds)

Recall that k(s) is an even polynomial, and hence a linear combination of
polynomials of the form of L%(s?), where L is a Laguerre polynomials.

M\H |

lim
n—oo

=

(6.20)

We show that L2, (o(5)?) can be dv, () approximated with a linear com-
bination of homogeneous functions of degree 2m.

We will need the following Lemma, whose proof will be postponed to the
Appendix 3.

Lemma 6.3 For every a> ——, m>0,n2>1, and?z(iﬁ, Sy :l:ﬁ),
1
L3(0%(3)) = P5(5) + —R(0(5)),

where R, (x) is a polynomial of degree < 2m — 2 whose coefficients depend
only on m and «, and P, (3) is a homogeneous function of degree 2m which

19



is defined as follows.

(=D™

22mm|w2m n( ) Z'fOé = —%,
o2 (3) = (6.21)
an ] ¢2m -7, n( ) ZfOé > — }

with

1)mT 1) (2 1 -1 :
n?nj:( D™I(m + o+ )2J< m)/ (1-2)" " -1a. (6.2
’ 72 (2m)\T (o + 2 5) J -1
Furthermore, for everyl > —1 and every q > 1,
1

lim ( /Rn(%(g) - 15| |J(s)|2l+1dun(s)> 0. (6.23)

n—oo

Next, we shall define an operator on X,, that approximates 7,%. Recall

that
M M
TS (Z ckL%(sg)> =3 et LY (32) .
k=0 k=0

Since L, (0(5)2) can be approximated, in the sense of the previous Lemma,
with the ®§'(5)’s, the natural replacement for Tj7 is the operator Ky, = Ko,y :

Xn — Xn
M
Ko (Z ck¢j ) Z CJWJ¢]

k=0

where the ¢;’s are homogeneous generators of X, of degree 27. Thus,

Ku0i(3) = wi¢i(3) = ¢;(3y/w), and if we let k(s chLk ), and
ZCJ , we obtain K, g(3) = g(sy/w).
By Lemma 6 3
Jim ( [ Jk(o() - o3P mdm) "o,

20



and

Jim (/R,JT Ho(e) = Kula) @ i >> 0
Consequently,

e TP )\ A A
e T ) (/Rm( [

lim =

T 3 p|a<s>|25+1dun<s>>; Pt as\
(/ a3 omTo; /R\k:(s)| e

(6.24)
and if we prove that, for every n > 1, the ratio on the left-hand side of (6.24)
is < 1, then the ratio on the left-hand side of (6.24) is < 1 as well.
Since we have observed that K,g¢(5) = g(v/w3s), we have proved the
Lemma.

6.4 End of the proof of Theorem 1.2

Replacing T with IC,, is one of the most crucial steps of the proof because it
allows to reduce the proof of the inequality (6.17) to the proof of the discrete

inequality
[ oyl é
R g 1 n

(2m)"2¢,

leEPE
< (/ J905)] WBan(S))> , 9 € Xy, (6.25)

(see (6.16)), when n is sufficiently large. Recall that 1 < p < ¢ < o0,
1 2 1 2 1 1 1 22

< v+ < B+ -{————’cm:fRe_7|$|2m+1dCB:F(m+1)2m+1,
q q

/

q p p
dvn(3) = dv(sy/n) = dv(z1y/n) - - - dv(xp/n), and o(5) = x1 + ... + zp.

When g = v = —%, g =1p and w = @ = p(p/)~', (6.25) has been
proved by Beckner in [Be]. That is, Beckner proved the following unweighted
inequality:

(/R" g(s\[")’qdl’”(s)); = (/ n'g(s)’pan(S)));» 9€Xn.  (6.26)
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Beckner proved (6.26) for ¢ = p’ with iterated applications of the following
“two-point inequality”.

(6.27)

1
<A\/¢U+B|p’+A\/J—B|p’>p' - <|A+B|p+|A_B|p>;
2 - 2

The weighted inequality (6.25) cannot be proved in the same manner and
its proof seem quite difficult.

26 +1 2’y+1

We prove (6.25) for ¢ = p/, w =@ = p(p’)~! and . That

will conclude the proof of Theorem 1.2 since this is the case that correspond
touz%and,uzO.

We argue by induction on n. When n =1, 5 = s = %1, and o(s) takes
only the values £1. (6.17) is equivalent to

([ lsa P an @) < ntb D hend ([ lowpin)’

By (6.26) the following inequality holds true:

([ totm P ano)” < ([ o)’

So, if 1 < (27 )%(% i)(cV)P (05)7%, or equivalently, if

\\H

1

(P)F < (2257 ()7, (6.28)

then (6.17) follows. When 25;1 2W+1 , by Holder’s inequality

ch = (/ e 2z P da:)
R
o7 22
S 25+1>dx)P (fpear)
R R

22
Since % = %—Jfl and [Re” 2dr = (2%)_%, then,

1
ch < @mi6) ([ e Tlafriar)” -

22
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and (6.28) follows.

We now assume that (6.17) is valid for n > 1 and we prove that the
same is true for n + 1. We let s = (5, sp41), with 3 € R", and dv4(3) =
dvy (3')dvi (spy1). We also let

2v+1
!

o (PO
9(5): g( )<‘O'(S/)|> f| ( )‘7&07
0 if |o(3)] =0
With this notation,
P |o(3) 27 ”
(/Rn+1 9(V@3) |(2|77d’/1(8))>

</Rn </ /G dn ) des')));
</Rn (/ ’g V@ Spi1) 4 (3271

dl/1(8n+1)> dydl/l(sl>)> ’
and by (6.26),

< (e Ul ntnan)” 20 )

We recall the following convexity type inequality,

(/S(/T!f(s,t)!pu(dt)) (ds)> 1_ (/ (/ 1£(s,4)|%0( ds)> (dt))é (6.29)

which holds for every positive measure spaces (S, S, v), (T, T, u), every
measurable function f(s, t) and every 0 < p < ¢ < oo. By (6.29) and our
initial assumptions,

’U\‘ =

1
I

(/ g(V@3)|" Wdyl(s)));
]R,nJrl cY

o(3) [P+ o >
< (o hevaton 2 ) o)

23



(/ / i |p|0 |2ﬁ+1 dyl(s/)dl/l(sn-i-l)); ;

ﬂ
and since §(3) = ¢(3) (@) and dvy (3')dvy (sp+1) = dvi(3), we obtain

lo(s7)]
2 1 2 1
(6.25) in the special case ¢ = p/, w = @ = p(p’) ﬁ;_ — 7}; )

and

The proof of Theorem 1.2 is thus concluded.

Appendix 1. A few counterexamples
We are left to show that range of value of v in (4.2) is optimal.

o v < — is necessary. We recall the identity

1
2

1
(2y)2 Jo(2y) 2+ 3 (1 — 22)°dw = 2°T(s + 1)y * 2 Jarsr1(y) (6.1)

S—

which is valid for every s > —1. See [EMOT].
Take v = % + 2¢, with € > 0, and s = —11; + €, so that
f(z) = zot172¢(1 — $2)_%+5X(071)7 where X, 5)(t) is the characteristic
function of (a, b), is in LP(0, 1). Then,
L1 1 1
L5, 0w) = | @) Jaay)a®t (1 —a?) o

1 1
= y’”?e/o (my)%Ja(my):Uo‘Jr%(l — 23T

1_1 _; 1
:yu+e+p 29 F(l —§+6)Ja+%+e(y).
p

Recalling that y = Z%— = and that JOlJr +€(y) = O(gf%) when y ~ oo,

1
we can see at once that Ly  f(y) ~y “41 when y ~ oo, and hence
does not belong to LI(R™).

o V> —a— ]% 1s necessary. We now let v = —a — z% —¢, with e > 0. We

1
let F(x) = AN $2)_%+6X(071)(:c). By the identity (6.1),

_1 1 L (p=1)414 L 4et2 -1
Ly Fy) =y" 2“‘/0 (zy)2a (vr=3)itgre (1 =) T, (at)dt
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1

—a— L1 1 _1
=y TV 2+“/ (xy)%a:aJr%(l—a;Q) 2T (wt)dt
0

1 1 1

1
= 2_5+6F(1 ~ +ey “a T2J +i+€(y)

o7

1
Recalling that Ja+%+e(y) = O(ya+?+e) when y ~ 0, we can see at
p

once that Ly | F(y) ~ yie*é, and hence is not in LI(R™).

Appendix 2. Proof of Proposition 2.1

It is easy to see that Gaussian functions attain the equality in (2.10). By
(2.2), the Fourier-Bessel transform of order o = § — 1 is a constant mul-
tiple of the restriction of the Fourier transform to radial functions of R™.

Consequently,

=

~ n L/ oo -
IHa 1 fll L R gy = (20 2[S™ M7 (/0 1F )P 1dr>p

Furthermore,

T (%) ;
e, oy = i (o 7abPa)", (63)

and from (6.3) and (6.2) and the Theorems of Beckner and Lieb follows that

=

Hﬁ%—lfHLp/(RJr’ rn—1dr) 2%_i7r%_2iﬂf (n);/_; (fR" |f($)|p,d$>p

[ (2m)3 2 (Jge |f(@)pd)
Ql_i n_ o n 1_1
p p g2 2p/ n\» » n 1 _1
< T (D 2m) " (p (o) V)"
<t (3)" T e wien )
n\y¥"r p¥ _(n=2C-p)
_r () RANP N
2 ()

as required.
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Appendix 3. Proof of Lemma 6.3

Let H,,(z) be the classical Hermite polynomial of degree m. Beckner proved
n [Be] that the functions H,,(c(3)) can be dv,(s)-approximated by sym-

metric functions. That is, for every 5 = (iﬁ, N :tﬁ),
1z
Hp(0(3)) = Ym n(3) + - Z A r Hm—2r (0(3)) (6.4)
r=1

where 0(5) = z1 + ... + =, and the a,,, are bounded with respect to n for

1 1
a fixed m. We recall that L’ (¢?) = ;m) Hom(¢). When a > —1, the
following identity holds

Wl (D™ Tm+a+1) ! .
5= rarn o L0 O s 69

(see e.g. [Sz]).
We prove the Lemma for o« > —3, since the proof is quite similar in the
other case. The derivatives of Hy, satlsfy the following identity:

d]

. k
(O = 21 (j) Hi (O, j<k

By Taylor’s formula

and by (6.5),

1

~ o aZ 20} ( >H2m j(g)/ (I—29 b (¢ —1Ydt,  (6.6)

-1

where we lave let ¢, o be the constant on the right-hand side of (6.5). By
(6.6) and (6.4) the conclusion follows.
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To prove (6.23) we recall that the moments of dv,(5) converge to the
22
e 2

dz in the weak topology of C°(R); thus,
N pology (R)

moments of

22

lim R ( (3|0 (3) [ dy, (3 :/ RS (x qx2l+1e_jdx<oo
n_,OORn|m(())||()| (3) R| m(2)|9|z] NGE

and lim 1/ IR (0/(3)]]0 (3) P+ dun(s) = 0.

n—oo nd
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