Homework Assignment #2
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8.7: Show that ( ) and ( 2) are idempotent.

-1 2 -1
We simply compute the square of each matrix, obtaining the original back again.

8.17 Suppose that a = 0 but ¢ # 0 in (5). Show that one obtains the same inverse (7) for A.
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This yields inverse:

We proceed under the assumption that 0 # ad — bc = —bc, which is equivalent to assuming that
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neither b nor c is zero. Otherwise, the matrix is not invertible.

Form the augmented matrix and row-reduce:
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which matches (7).

a) Use Theorem 8.8 to prove that a 2 X 2 lower- or upper- triangular matrix is invertible if and only if
each diagonal entry is nonzero.

b) Show that the inverse of a 2 x 2 lower triangular matrix is lower triangular.

¢) Show that the inverse of a 2 X 2 upper triangular matrix is upper triangular.

Theorem 8.8 tells us that a 2 x 2 matrix in the form (5) is invertible if and only if ad — bc # 0, in
which case the inverse is (7). For part (a), note that an upper triangular matrix has ¢ = 0 while a lower
triangular matrix has b = 0. Either way, bc = 0, so ad — bc = ad. By Theorem 8.8, such a matrix is
invertible if and only if ad # 0, which is equivalent to a # 0 and d # 0.

For parts (b) and (c), note that the inverse of a (upper or lower) triangular matrix is

1 /d -b
A= — .
ad <—c a )

When b = 0 (lower triangular), A~! is also lower triangular by the inverse formula and when ¢ = 0

(upper triangular), A~! is also upper triangular by the inverse formula.

What is the inverse of the n x n diagonal matrix
d 0 0 --- 0
0 do 0 --- 0
=1 . . 07
0 0 0 -+ dy,

If any of the d; are zero, the matrix is not invertible. If none of the d; are zero, the inverse is

/&, 0 0 -~ 0

0 1/dy 0 --- 0
D=| . . .

0 0 0 - 1/d,
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8.29 Show that the inverse of a 2 X 2 symmetric matrix S is symmetric.

We use Theorem 8.8 which tells us that this only makes sense when ad — be # 0. In that case, use the
fact that b = ¢ and formula (7) to write:

1 d —b
Al = — .
ad — bc (—b a )
Since the off-diagonal elements are equal, A~! is symmetric.

9.3: Compute the expression on the right-hand side of (5). Show that it equals the expression calculated in
Exercise 9.1.

The right-hand side of (5) is a12C12 + a22Co + a32C35. Now Cia = —aoiaszs + 23031, Cys =
a11a33 — aizasy, and Css = —aj1a93 + agiarz. Thus the right-hand side of (5) becomes

—Q12021033 + A12023031 + A22011G33 — Q220130431 — (32011023 + A32021013,

which should match the six-term expression in Exercise 9.1.



